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Accuracy and Precision

Accuracy refers to the closeness of a measured value to a standard or known value. For example,
if in lab you obtain a weight measurement of 3.2 kg for a given substance, but the actual or

known weight is 10 kg, then your measurement is not accurate. In this case, your measurement
is not close to the known value.

Precision refers to the closeness of two or more measurements to each other. Using the example
above, if you weigh a given substance five times, and get 3.2 kg each time, then your
measurement is very precise. Precision is independent of accuracy. You can be very precise but
inaccurate, as described above. You can also be accurate but imprecise.

For example, if on average, your measurements for a given substance are close to the known
value, but the measurements are far from each other, then you have accuracy without precision.
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FIG. 1. Numbers of papers when DFT is searched as a topic in Web of
Knowledge (grey). B3ALYP citations (blue). and PBE citations (green, on top
of blue).
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Independent electrons in an effective potential

r'*g Z;ZJ Z;('Q Eﬁg 1
V(r,R) = — - c
r, ) 2[R —Ry|  |r; — Ry " 2 %

[_

B2V2 + Veps (7 R)| 6i(7) = €5 a(7)




Hohenberg and Kohn theorem

T, +Wer + Wee + Wi @, (r|R) = E,(R)®,(r|R)

The GS density can be uses as basic variable to describe
the status of a quantum many-body system.

All properties of the system are therefore functionals of
the GS density.




Hohenberg and Kohn theorem

In QM potential V(r) determines the GS density n(r)

Egs[V] = min(¥|[T, + Wee + V| ¥)

_ oFgs
- 6V (r)

Vir) = ¥ = n(r)=(|nv)




Hohenberg and Kohn theorem

In QM potential V(r) determines the GS density n(r)

Egs[V] = min(¥|[T, + Wee + V| ¥)

_ oFgs
- 6V (r)

Performing a Legendre transform we obtain

Fln] = max {EGS[V] _ / V(r)n(r)dr}

Vir) = ¥ = n(r)=(|nv)

.2
= min (V[Te + Wee|V)

_ 0Fn]

niry = ¥ — V(r)= _5n(r)

The GS density n(r) determines the potential V(r)




Density Functional Theory
T, +Wer + Wee + Wi @, (r|R) = E,(R)®,(r|R)

HK: n(r) — F[’n] = min <\P‘Te -+ Wee‘lp>

V—n

F[n| depends on the GS density n(r) (a 3D function)
and Fqgg(R) satisfies the variational principle
|[Hohenberg and Kohn, 1964 ]

Fes(R) = min {F[n(r)] + / Vit (T, R)n(r)dr}

+Wir(R)




HK: n(r) — Fn] = min(V|T, + W,.|¥)

v —n

It is useful to introduce a ficticious system
of non-interacting electrons

KS: n(r) — TS[’I’L] = min <\IJ‘T6‘\I}>

v—n

F[TL] — TS [’I’L] - EH [’I’L] + Eazc[n] This defines Exc

The energy becomes

En| =Tsn| 4+ Egn| + Ecn| + / Vezt(x)n(r)dr




Self-consistent equations [Kohn-Sham, 1965]

n(r’) OE,.[n]
on(r)

Voir(r,R) = Viue(r, R) + €2 / i’

v —r'|

It is as simple as a Mean-field approach but it is exact !

E.c|n] is not known exactly — approximations




F[n] is a very non trivial functional of n(r) ...
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FIG. 1. Spherically averaged density »(7) in ground state of
carbon atom as a function of distance 7 from nucleus.




... still simple approximations are possibles

Eln| =Tsn| + Egn| 4+ Eicn| + / Vezt(x)n(r)dr
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FIG. 4. Relative magnitudes of contributions to total valence
energy of Mn atom (in eV).




Local Density Approximation

The simplest approximation is LDA that exploits
nearsightedness of the electronic matter

W. Kohn, PRL 76,3168 (1996)

EEPA[n(r)] = / hom (1 () ) (r)

Analogous to the Thomas-Fermi approximation for the

Kinetic Energy term but applied to the much smaller
Exchange-Correlation term

E
1500 v
Mn

< 1000 -

>

L. Tov

=

@

S

500 |- c
Actual p Ideal p for UEG p for LDA/GGA L
Impossible Possible Possible £
to calculate E,, to calculate ¢, to approximate E,, r__>l<

N %
i iptute ¢ 2




wiBaT

cew | M8 24555 Sﬁﬂﬁgl

. PeEsal ook
TPSSh

f?-"%%%%ggzssfqpssﬂ o

R9d m&zMOS GGog PWE6BIT-I
"=(GO6CAM BILVP

KT3

PBE

F1G. 3. The alphabet soup of approximate functionals available in a code
near you. Figure used with permission from Peter Elliott.

Kieron Burke, “Perspective on density functional theory” JCP 136 (2012) 150901




Jacob's ladder of Density Functlonal Theory
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Here are the raw data for the DFT2015 poll.

functional vear like neufral hate empty points
Primera Divisid
1 PBE 1996 36 18 3 19 123
2 PBEO (PBE1PBE) 1996 34 18 2 21 119
3 B3LYP 1994 23 21 15 17 fis
4 wBYTX-D 2008 22 1 4 35 73
5 B3LYP-D 2006 17 23 T 29 of
B LDA 1980 20 14 13 29 61
Fi PWa1 1992 14 22 5 35 59
8 Ba97-D 2006 16 16 7 37 57
9 MOB-2X 2008 20 10 13 33 57
10 B2PLYP 2006 16 14 3] 40 56
11 CAM-B3LYP 2004 12 14 5 40 50
12 HSE 2003 12 1T 3 44 50
13 BPEG 1988 14 14 9 39 47
14 MO& 2008 1 18 12 34 40
15 B3PW31 19493 10 17 a8 41 39
16 revTPSS 2009 6 21 4 45 35
17 RPA 2008 8 13 5 50 32
18 TPSSh 2003 6 18 5 47 31
19 MOB-L 2006 7 15 12 42 24
20 BLYP 1988 6 18 17 35 19







Accuracy and Precision

Accuracy refers to the closeness of a measured value to a standard or known value. For example,
if in lab you obtain a weight measurement of 3.2 kg for a given substance, but the actual or

known weight is 10 kg, then your measurement is not accurate. In this case, your measurement
is not close to the known value.

Precision refers to the closeness of two or more measurements to each other. Using the example
above, if you weigh a given substance five times, and get 3.2 kg each time, then your
measurement is very precise. Precision is independent of accuracy. You can be very precise but
inaccurate, as described above. You can also be accurate but imprecise.

For example, if on average, your measurements for a given substance are close to the known
value, but the measurements are far from each other, then you have accuracy without precision.

Is the DFT description accurate ?

Is the DFT implementation precise ?




Accuracy and Precision

Accuracy refers to the closeness of a measured value to a standard or known value. For example,
if in lab you obtain a weight measurement of 3.2 kg for a given substance, but the actual or

known weight is 10 kg, then your measurement is not accurate. In this case, your measurement
is not close to the known value.

Precision refers to the closeness of two or more measurements to each other. Using the example
above, if you weigh a given substance five times, and get 3.2 kg each time, then your
measurement is very precise. Precision is independent of accuracy. You can be very precise but
inaccurate, as described above. You can also be accurate but imprecise.

For example, if on average, your measurements for a given substance are close to the known
value, but the measurements are far from each other, then you have accuracy without precision.

Is the DFT description accurate ? (validation)

Is the DFT implementation precise ? (verification)
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Is the DFT implementation precise ?
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DFT METHODS

Reproducibility in density functional
theory calculations of solids
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@® scalar-relativistic,
no spin-orbit

® (same core/valence)

® very large basis

@ very dense k-mesh
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Is the DFT description accurate ?




Jacob's ladder of Density Functional Theory

Chermical Accuracy

unoceupied ¢ (1) l O exact exchange and exact partial correlation
occupied ¢, (r') exact exchange and compadtible correlation
7(r) meta-generalized gradient approximation
Vn(r) generalized gradient approximation

n(r) | T O local spin density approximation

Hartree World

FIGURE 1. Jacob’s ladder of density functional approximations. Any resemblance to the Tower
of Babel is purely coincidental. Also shown are angels in the spherical approximation, ascending
and descending. Users are free to choose the rungs appropriate to their accuracy requirements
and computational resources. However, at present their safety can be guaranteed only on the two
lowest rungs.




Jacob's ladder of Density Functional Theory
LDA and LSDA

GGA : PW91, PBE, revPBE, RPBE, BLYP

META-GGA: PKZB, TPSS,

SIC, DFT+U, Hybrids

Van der Waals functionals
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Elemental Crystal Structures: GGA pseudopotential
method
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p(r)

H= 2. H = 2.V,

i

Small self-interaction error

Metal

TM Oxide

N,

i=1

Large self-interaction
error

N, N,
+ Z Kmr:‘fmr{ 'F;) T Z Fe_ﬂh:‘jrve( I;:I
i=1 i=1

Self interaction in DFT
is key problem in transition
metal oxides




Redox Reactions can be more Problematic

GGA Exp
FePO, + LI -> LiFePOQ, 78 eV 3.5eV
MnO, + Li -> LiMn,O, 3.6 eV 4.1 eV
Vo(POy); + LI > LiV,y(POy)s 3.3eV 4.6eV

All these reactions involve the transfer of an electron from a
delocalized state in Li metal to a localized state in Tthe transition
metal oxide (phosphate)




van der Waals

van der Waals interaction is relatively weak
but widespread in nature.
An important source of stability for molecular

solids and physisorption of molecules on
surfaces.

It is due to truly non-local correlation effects.
It is contained in the true XC functional but
LDA/GGA/MetaGGA and Hybrids do not describe it properly.
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Jacob's ladder of Density Functional Theory

LDA and LSDA
simple and well defined. good geometries, overbinding

GGA

: PW91, PBE, revPBE, RPBE, BLYP

many options, improved energetics, good geometries

META-GGA: PKZB, TPSS,
more complicated, not very much used, with potential

SIC, DFT+U, Hybrids
address the self-interaction error with some drawback

Van der Waals functionals
truly non local, very active field




Science 355, 49 (2017)

THEORETICAL CHEMISTRY

Density functional theory is
straying from the path toward
the exact functional

Michael G. Medvedev,?*?*1 Ivan S. Bushmarinov,"*1 Jianwei Sun,*t
John P. Perdew,*’1 Konstantin A. Lyssenko't

The theorems at the core of density functional theory (DFT) state that the energy of

a many-electron system in its ground state is fully defined by its electron density
distribution. This connection is made via the exact functional for the energy, which
minimizes at the exact density. For years, DFT development focused on energies, implicitly
assuming that functionals producing better energies become better approximations of
the exact functional. We examined the other side of the coin: the energy-minimizing
electron densities for atomic species, as produced by 128 historical and modern DFT
functionals. We found that these densities became closer to the exact ones, reflecting
theoretical advances, until the early 2000s, when this trend was reversed by unconstrained
functionals sacrificing physical rigor for the flexibility of empirical fitting.




Is density functional theory straying from the path toward
the exact functional ?

DFT history as seen by the electron density
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Average median-normalized error
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4429
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4.864
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4.971
5420
6.125
6.709
6970
7652
8.995
10191
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15.316

*a = 0.7 for Xa and a = 2/3 for SLATER (see
supplementary materials for references).




SUMMARY

- DFT as implemented in a number of popular codes

is reproducible and precise, at least for the most basic
properties. More and continuous work is needed to verify
the correct implementation of more properties on more
systems..

- The accuracy of DFT approximations has improved over
time thanks to the incorporation in the functionals of
physically motivated ingredients and extensive testing.
More and continuous work is needed to validate proposed
functionals on as diverse physical situations and known
constraints as possible...
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