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Problem of arrow of time
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Ludwig Eduard Boltzmann
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Boltzmann on arrow of time (1895)
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The New York Times, Jan 14 2008
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Modern view, in a nutshell

crucial question:

Why was S low in the vicinity of the Big Bang?

…early Universe was highly uniform, in a seemingly
high–entropic state (?)

however, we are forgetting about the
gravitational degrees of freedom!
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Weyl Curvature Hypothesis
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Genesis of the idea

I R. Penrose: Space–Time Singularities (1977)
Proceedings of the First Marcel Grossmann Meeting on GR

I R. Penrose: Singularities and time–asymmetry (1979)
General Relativity, an Einstein centenary survey
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Why Weyl?

Ricci ↔ matter via Einstein

Rab = 8π
(
Tab −

1
D − 2 Tgab

)

“subtract Ricci from Riemann → Weyl”

Cabcd = Rabcd +
2

D − 2
(
ga[cRd]b − gb[cRd]a

)
−

− 2
(D − 1)(D − 2) Rga[cgd]b
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Why Weyl?

conformal transformation

g̃ab = Ω2 gab

conformal co/invariance of Weyl tensor

C̃a
bcd = Ca

bcd but C̃abcd = Ω2Cabcd
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Weyl and Petrov

Type multiplicity ΨABCD =

I {1, 1, 1, 1} α(A βB γC δD)

II {2, 1, 1} α(A αB γC δD)

D {2, 2} α(A αB βC βD)

III {3, 1} α(A αB αC βD)

N {4} αA αB αC αD

O – 0
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Weyl and Petrov

I

II D

III N O
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“It seems that in some way the Weyl tensor gives a measure of
the entropy in the space–time geometry. The initial curvature
singularity would then be one with large Ricci tensor and
vanishing Weyl tensor (zero entropy in the geometry); the final
curvature singularity would have Weyl tensor much larger than
Ricci tensor (large entropy in the geometry).

These ideas are indeed somewhat imprecise, but it would
seem worth while to pursue them further.”

R. Penrose: Space–Time Singularities (1977)
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Solidification of the idea
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Early cosmological considerations

I Goode and Wainwright, CQG 2 (1985) 99–115

In some cosmological models

lim
T→0+

RabR
ab = ∞ , lim

T→0+
CabcdC

abcd = ∞

…however,

lim
T→0+

P = 0 for P ≡ CabcdC
abcd

RpqRpq

→ technical definition of isotropic singularity

≈ sing. which can be removed by rescaling the metric
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I Bonnor, Phys. Lett. A 112 (1985)
ua∇aP ≥ 0 for a class of (spatially inhomogeneous)
Szekeres dust solutions with isotropic singularity

I Tod, CQG 7 (1990) L13; CQG 8 (1991) L77
conjecture: limT→0+ Ca

bcd = 0 and
barotropic ideal fluid → FRW (near sing.)

I Newman, Proc. R. Soc. Lond. A 443 (1993)
…proof for p = ρ/3
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I Goode, CQG 8 (1991)
Goode, Coley and Wainwright, CQG 9 (1992)

I Grøn and Hervik, CQG 18 (2001)
problems: limT→0+ P = ∞ in Bianchi I and
Lemaître–Tolman model

partial solution: P  Π =
√
h
√
P

I Barrow and Hervik, CQG 19 (2002)
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side note: Rothman, Gen. Rel. Grav. 32 (2000) 1185

Roger Penrose: By way of clarification I should say that I
never meant the Weyl tensor to be a measure of
gravitational entropy. I merely wanted it to be zero at the
big bang.

TR: Really? Well, if that’s true I apologize.

Roger Penrose: You’re not the only person to have that
misunderstanding.
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Weyl → Bel–Robinson

I Pelavas and Coley, Int. J. Theor. Phys. 42 (2006) 1301

Tabcd = ΨABCDΨA′B′C′D′

Tabcd = T(abcd) =
1
4 (C

p q
a b Ccpdq − ∗C p q

a b ∗Ccpdq)

∗Cabcd =
1
2 ϵabpq C

pq
cd

W = Tabcdu
aubucud ≥ 0
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More systematics

via Clifton, Ellis and Tavakol, CQG 30 (2013) 125009

E1 Sgrav ≥ 0

E2 Sgrav = 0 ⇔ Cabcd = 0

E3 Sgrav should measure local anisotropy of gab

E4 Sgrav → SBH

E5 δSgrav ≥ 0 as structures form in Universe
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More recent results

I Pérez and Romero, Gen. Relat. Grav. 46 (2014) 1774

I Sussman and Larena,
CQG 31 (2014) 075021; CQG 32 (2015) 165012

I Maki and Morita, Springer Proc. Math. Stat. 60 (2014) 311
…Weyl in Jacobson’s approach

I Acquaviva, Kofroň and Scholtz, CQG 35 (2018)
…dissipative terms (?)
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Open questions

I Weyl2/Ricci2 vs Bel–Robinson vs …?

I bottom→ up derivation of gravitational entropy?

I how local is Sgrav?
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Thank you for the attention!
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