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summary

= Motivation and inspiration
s Extended objects in String theory: Branes
s Calibrations of branes
s (3-structures and backgrounds
= (Generalised Geometry
¢ Extended bundles
s Exceptional G-structures
= Calibrations from Exceptional Structures

e Probes in AdS backgrounds and Exceptional Sasaki-Einstein structures



Branes

String theory admits extended objects: strings and branes

Various String theories, various branes

Type 1IA D, p even

Type 118 D, p odd
M—Theory MQ, M5

A Dp brane carries a charge associated to a (p+1)-form potential AP+1)

s [hey are sources for these fields

Given a spacetime, which are the brane configurations at minimal energy?



How to survive this talk

= A supersymmetric background is a solution to the sugra e.0.m. with

fermions set to zero and vanishing supersymmetric variations for
bosons

s A fluxless background is a background where all fields except the
metric are set to zero

= \When a D brane probes space-time, a gauge theory lives on its world
volume

¢ There are fields living only on the world volume

s Configurations of branes preserving the supersymmetry of the
background are called BPS

¢ Calibrations can be used to encode BPS conditions
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= Bonus suggestion: take a nap



Why (and where) studying brane
probes”

Compactifications: One looks for solutions of the following form
Mp > Mp_g x My

External // k/ Internal

space space

We are going to focus on N' = 2 AdS spacetimes and various brane
configurations.

These contigurations are interesting for various applications in
holography

There are restrictions on the geometry of AdS backgrounds



Anti-de Sitter backgrounds with
f ‘ u Xe S [Gauntlett, Martelli, Sparks, Waldram]

[Gabella, Gauntlett, Palti, Sparks, Waldram]

= Qur goal is to use the geometrical structures for AdS backgrounds

= Supersymmetry implies the existence of geometrical structures on
the internal space.

Example: Calabi-Yau 3-fold ,. —
&/ N = 2sugraon M,
s Solutions of M4 X C'Ygwith no fluxes

e Supersymmetry

Existence of a never vanishing spinor € We can construct on C'Yy

| | an integrable SU(3)
Covariantly constant spinor Ve = () structure

w, 2}



Integrable structures

= The CY has an integrable SU(3) structure
s Holomorphic 3-form @ QA Q # 0
s Real 2-form w WAwWANAwFO

s Integrability: closed forms d{2 = dw =0

= Defining never vanishing tensors means defining G-structures
o () defines a SL(3,C) structure
s w defines a Sp(3,R) structure

s  Compatibility w A £ =0 SL(3,C)N Sp(3,R) = SU(3)

= How to generalise this for generic fluxes?



Generalised Geometry

[Hitchin, Gualtieri, ‘01]

= Ordinary geometry is the study of structures on T'M

= In GR vectors generate diffeomorphisms via Lie derivative

= One needs a formalism where “vectors” generate symmetries
of supergravity

The main idea: define a generalised tangent bundle
E=TMeT"M
N v O(d,d)

generalised vector V =04+ )\ Structure

1-form rou
//A L_//’” group

vector

s The structure group of the generalised tangent bundle is O(d, d)
the T-duality group of toroidal compactifications.



How do we insert fluxes?

s O(d d)formalism encodes the 3-form flux H = dB
e [he adjoint action naturally contains a 2-form

e Define the twisted generalised vector

V=ePV=v+A—1,B

\ adjoint action of O(d,d)

This determines the topology of E

s Patchings: on an overlapping of patches U, N Upg
Vo =e Vg <= B(a) = Bg) = dA(ap)

. \\Z—form
Connection on a gerbe

This corresponds to gauge transformations of NSNS supergravity
gauge potential.



Exceptional Generalised
G e O m et ry [ Co/mbra{/_;i;i;ZZiZe-ZZnZZZ:mVia/dram]
= One wants to include RR fields

¢ [-duality group generalises to U-duality: define a generalised tangent
bundle with a structure group given by the U-duality one.

s EGG depends on the theory: focus on M-theory on AdSs x Mg
e Generalised tangent bundle
E~TM & NT*M o N°T*M o (T “M)

~

V = (fU, w, o, 7-) generalised vector

charges of wrapped M-
branes

Structure group E7(7)



= Potentials live in the adjoint bundle

ad FER® (TMT*M) ®A>TM
O AT M @ A°TM & A°T*M
A = (AA)
s E has a fibered structure /""Adioiﬂt 'ep
V = cATAY D AtAp —A-A
= Ordinary Lie derivative generates diffeomorphisms

L,w! =v"0,w" —w"o,v" = v"0,w" — (0 ®aq ”U)“V w”

s Dorfman Derivative [Pacheco, Waldram] Kgl(d, R)
LyV' =V -0V — (0 ®aq V) -V’



Generalised G-structures

= How to use these ingredients to get generalised G-structures?

e (Generalised structures parametrise scalars of the AdS sugra

[Ashmore, Petrini, Waldram]
[Grana, Ntokos]

E7(7) X R+
/\/lv — » K € 56 \ector structure
L6 (2)
M Ern x RY J, € 133 tip
— . > Jg € Hypermultiplet structure
e Spin*(12) "
M
o J, forman SU(2) triplet Mok = SU(Z)H5R+



Exceptional Sasaki-Einstein
St r u Ct u re [Ashmore, Petrini, Waldram]

[Grana, Ntokos]

= |t is defined by two generalised tensors

J e E7(7) X R_l_ K e E7(7) X R_l_
s Compatibility
q(K,K, K, K) x vol N = 2 Supersymmetry 4,-)

= |ntegrabllity

LrgK =0 Lgdg = €qpeApde

quartic invariant

e (V) = )\a/q(K)_l/Qq(V, KK K)ye—__~

¢ [hey are equivalent to supersymmetry conditions
s [Lg are moment maps for the action of generalised diffeomorphisms



Comments

= We want to use Exceptional Sasaki-Einstein structures to
express generalised calibration forms for brane probes

s \We focus on the vector structure

e Supersymmetric branes wrapped on internal cycles
give rise to AdS particles < > BPS operators

s [he volume of the brane corresponds to the
conformal dimension A(O)

= We will see how BPS conditions correspond to integrability of
the structures



Generalised Calibrations

[Gutowski, Papadopoulos]
[Gauntlett, Martelli, Pakis, Waldram]
[Koerber, Martucci]

= Problem: Conditions on susy branes wrapping cycles in flux
compactifications

s Generalised Calibrations: tool to encode BPS conditions for branes

e A calibration ¢ for a n-submanifold N of M is a closed n-form
such that at any point of A/

N is said * ——

calibrated P[Sp]./\/‘ _ VO]_/\/'

s The manifold A/ is volume minimising in its topological class

[Harvey, Lawson]

¢ When branes couple to background fluxes, they are associated to
energy minimising submanifolds

We start from k-symmetry or from supersymmetry algebra and
reduce spinor bilinears according to dimensional reduction

We find that we can express calibrations in term of Exceptional
Structures



Generalised Calibrations
M-theory

= Consider M-theory on AdS x M

= The Majorana Killing spinor can be used to define bilinear forms

ICM — EFMG
Wy N = el yrne

2iny . Ms = €l €

= Consider supersymmetry algebra with central extensions for branes

k» (Q€)2 _ ICMPM _|_CUMNZMN 1+ ZMlmM5ZM1...M5 > ()



Example: Fluxless Case

s Consider M-theory on AdS x M and no fluxes —

s Consider an M2 wrapping a 2 cycle for simplicity Ve=10

'\

(Qe)* = KM Py +wyn 2™ >0
ZMN — qxM adxV

¢ We put ourself in the rest frame of the brane: P, = (#,0,...,0)

[Cascales, Uranga]

¢ We get the inequality
-

From DBI action H P \/ det P G] €FW€ do"u AN dg‘l/

H = /— det P[G] vol \

s The closure follows from Killing spinor equations W

dw =d(el'e) =0



Example: Fluxless Case

= We have a closed form satistying
w < vol
s Supersymmetry is satisfied when the inequality is saturated
¢ |t minimises the volume form of the wrapped cycle

¢ |t minimises the energy of the brane in the case of a fluxless
backgrouna

= We conclude that supersymmetric M2 branes wrap 2-cycles
calibrated with respect to the form W



Generalised Calibrations
M-theory

= Consider M-theory on AdS x M

= The Majorana Killing spinor can be used to define bilinear forms

ICM — EFMG
Wy N = el yrne

2iny . Ms = €l €

= A supersymmetric brane has to satisty

E.g. M5 bM e = € K-symmetry

! 1
le||*Lpprrvols > §P[L;CH] A H + Plw] A H + P[Y]

[Gabella, Martelli, Passias, Sparks]



Generalised Calibrations
M-theory

1
e||*Lpprvols > §P[L]CH] A H + Plw] A H + P[Y]

v

-

Center of AdS

= [his bound implies a bound on the energy
Ens > ERES = / P[Y] + PlicA] + Plw] A H + $PlucH| A (A — 2H)
S
s Generalised calibration form

Oyps =X+ icA+wAH+ 2ucHA(A—2H)

= The expression of this form depends on the brane configuration

= \We can show this can be seen from Exceptional Structures



Generalised Calibrations

M-theory

s Consider as example AdSs X Mg (Gauntett, Martelii, Sparks, Waidram]

2

&

: 2 _ 2 2A 1.2
Metric ansatz ds® = dsjqg + € " dsyy,

Spinor decomposition
e=YAx+YP X" =v®(n+x3)+Y°® a1+ x3)°
The internal manifold has a local SU(2)-structure {&,Y', Z,...}

Exceptional Sasaki-Einstein Structure { K, J, }  tashmore, Petrini, watdramj

M5 brane wrapping internal cycles: AdS particle and H = P|A]

Supersymmetry equations are equivalent to integrability conditions

d

] (GAY/) = —1e

> L K =0

d

] (eAZ) — e2Y'ANF )



Generalised Calibrations
M-theory

e Exceptional Sasaki-Einstein Structure: Vector structure

K =¢+ (LgA — eAY') -+ (eAZ —ePANY + %L,gA/\A)
¢ World-volume pullback of the bilinears

Km=—i(x14+x2)¥m (X1 —X3) =&m

ANSS A~y
Wimymy = €7 XV Vmima X = €7 1

A — A
2y .oms = €7 XV7VYmy..msX =€ 4
¢ Calibration form
A JAN / 1
Pys =e"Z —e“ANY + 51 ANA

= \Where the closure condition comes from? Integrability conditions



Generalised Calibrations
M-theory

¢ Calibration form
_ A A / 1
Pys =e"Z —e"ANY +51eANA
s Closure
dPys = d(e2Z) — d(e®ANY') + 3d(1e AN A) =
=e®Y'ANF—FAe”Y + 1. FANA+ 2d(cA)NA+ S ANF =
= LgF/\A—F %,CgA/\A— %LgF/\A— %A/\%FZO
= We found the calibration form from the Exceptional structure

= Using integrability of the structures we can write closure of the forms

= |t is possible to relate different probe configurations to the same
structure



Summary and Conclusions

= Exceptional Sasaki-Einstein structures encode informations about
brane calibrations on AdS backgrounds

= One can construct all the calibration forms from them

= |ntegrability conditions are equivalent to the closure of the forms

= The calibrations for all brane configurations are included in HV
structures

= [For branes wrapping purely internal cycles, calibrations
correspond to the vector structure






