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Motivation

@ Localization: A plethora of exact results for supersymmetric field
theories.

e AdS/CFT beyond the leading order:

ZField Theory(¢0) = ZString ~ exp (_S(¢ — ¢O)Grav) .

@ What can we learn about string perturbation theory given the
“experimental data” provided by localization?

@ Is our semiclassical intuition and its toolbox correct?
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@ Introduction to half BPS Wilson loops in N’ = 4 SYM

Reviving an old puzzle: The WL in the fundamental representation
beyond the leading order

Precision test with 1/4 BPS Wilson Loops
ABJM Wilson Loops beyond the leading order
Higher dimensional representations in ABJM (D6 brane)

Logarithmic correction to D6-brane Wilson loop

Conclusions and Open Directions
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Introduction

Introduction

@ Wilson Loops (WL) are an important class of gauge invariant non-local
operators.

Wg (C) = trg P exp ¢, (A, dz*) J

@ The expectation value measures the effective action of an external particle;
order parameter for confinement, Vg oc 7.

- [arxiv:1412.8008]
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Introduction

e Wilson loop in Gauge/Gravity Correspondence
@ The contour becomes a surface in higher dimensions.

@ Expectation value:
<W(C)> = Zstring (82 = C) (1)

@ Right regime
Zetring (0% = C) = ¢=5©) (2)

9 D-brane
> -~
\
2

[arxiv:1310.4319]
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Half BPS Wilson Loops in N' =4 SYM

@ Coupling of an external probe to the multiplet (AM,QSI,)\ﬁ):

» Curve C in superspace, parameterized by (z/(s),y’(s),0%(s)),
» Representation R of SU(N), corresponding to the charge of the
particle.

@ We consider only bosonic operators with 6% = 0:

Wr(C) = TrgP exp (z /C ds (Aud" + m‘/)) J

@ SUSY forces C to be a timelike straight line or a circle.

Wi = TrrP exp <z / dt (Ao + ¢1)) J
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Half BPS Wilson Loops in A/ = 4 SYM

Localization: Pestun
o Want [exp(S):

/ exp(S) — / exp (S + tQV)

%/exp (S+tQV) = 0 (3)

@ Independence of ¢, take t — oo — Classical plus one-loop.

o N =4 SYM localizes on a Gaussian action.
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Matrix Model: Fundamental

@ The Matrix Model computation gives the exact answer, for any N and
A, in terms of Laguerre polynomial,

oL A\ asN
<WD>Clrcle - NLN—l ( m) €
2

2
~ ﬁ11(\/X) + Wb(\/}) + WQ(&) +...
2
~ ﬁ11(\/X)

1
mexp(\/X—iln)\—2ln72r+...>
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Half BPS Wilson Loops in A/ = 4 SYM

Gravity Side: Beyond the leading order

@ Forste-Ghoshal-Theisen 9903042, Drukker-Gross-Tseytlin 0001204,
Kruczenski-Tirziu 0803.0315, Buchbinder-Tseytlin 1404.4952.

(W) = exp(-I), =Ty+1T1y,
1. [det(—=V?+2)]3[det(—V?)]°
T TR®) 4+ 1)3 )

o Five massless modes (55); three massive modes AdSy C AdSs.

(Wo)circle = €Xp (\/X—% In(27) + .. ) J
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WL beyond the leading order: Problem/Opportunity

3

1. m
<WD>circle = exp (\/_—4 In\ — 5 In E + .. )

(Wo)circle = €xp (\/X—; In(27) + .. )

@ Missing the In(\) term on the gravity side (zero modes, more later..).

@ Numerical discrepancy is not an error: Drukker-Gross-Tseytlin
0001204, Kruczenski-Tirziu 0803.0315, Buchbinder-Tseytlin
1404.4952.
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Half BPS Wilson Loops in A/ = 4 SYM

Toward a Precision Computation

The AdS/CFT formula:

<W(C) >crr=< V(2 = C) >s5tring (5)

o What we are doing:

Zstm'ng = exp(_Sclassical) X Zl—loop X (Topological Sector) (6)

o We are missing aspects of string perturbation theory: Ghost zero
modes, etc.

= Compare configurations with the same world sheet topology!
The 1/4 BPS Wilson loop beyond the leading order.
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The 1/4 BPS Wilson loop

1
W(C) = TrPexp ]4 (iAi" + |#0D7)dr. @)
o Contour
z#(r) = (acosT,asinT,0,0),
O; = (sinfpcosT,sinfysin T, cosbp,0,0,0). (8)

@ In the planar limit

(W(0) = —=L(VN), (9)

2
VN

where X = X cos? 6.
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Holographic 1/4 BPS WL

e The EAdS5 metric is written as a foliation over EAdSy x S?:

ds?
% = cosh?(u) (alp2 + sinh? pd’(/)2)

+ sinh?(u) (d9? + sin® 9 dp?) + du? .
@ The metric on S° is taken to be

dQ?

S = df* + sin® 0 dp* + cos® 0 (dx* + cos® y da® + sin® x d?) .
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L 1/48PS Wikon Loopsin N = 4 SYM |
Holographic 1/4 BPS WL

@ Classical solution — Ansatz:

1
Y =T, sinh p = — ,
sinh o
u=>0
1
=T, sinf =

cosh (o9 + o)’

@ Classical solution — World-sheet metric:

1 1
ds® = + dr? + do?). 10
i (Sinh20' cosh?(og — a)) (dr ) (10)
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1/4 BPS Wilson Loops in N' = 4 SYM

Fluctuations

o A. Faraggi, L. Pando Zayas, G. Silva and D. Trancanelli; see also
Forini-Giangreco-Griguolo-Seminaro-Vescovi.
@ The quadratic action for the bosonic fluctuations is

VA a 2
G234 _ E/drda NG (g PBax O + ﬁﬁ) : (11)

56 _ VA ab p_2m? o
S0P = - /dea\/§<g Dax(Dyx) NG IxI7) (12)
7,89 _ Q ab _ 2sin*f
T80 = 27 / dea\/§<g D XX 7 ) (13)

@ In the second line, x is a complex scalar field defined as
X = \/LE (Xé + ixﬁ), and the o-dependent mass term reads

1
~ cosh (20 + 09)’
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1/4 BPS Wilson Loops in N' = 4 SYM

One-loop effective action

4 4
—loo: D +\32 D —\32
e_réﬂ'elctise = ( e: o ) ( etzo ) . (16)
(Det ©234)2 (Det 056)2 (Det O7:89)2
In (Det O) = Zln (Det Op) , (17)
E

o Op is the corresponding one-dimensional operator acting on a specific
Fourier mode.

Vimal Rathee (University of Michigan) Holographic Wilson loops 16 / 34



Ratio of 1-loop effective action

e For 1/4 BPS dependence on the value of o that characterizes the
classical string solution. The 1/2 BPS is 09 — 0.

[ Det 0% (o)
O lo0) =In | § oty | 19)
Det 056 0
0%5(0g) =In | ——£ 20 19
p(o0) =1n Det(956oo] (19)
7.8,9 Det 07 8, 9(0’0)
08 (00) = In —Det 0 ) (20)
o Det O% ( 0)

e Each ratio is to be computed using the Gelfand—YagIom (Coleman)
method.
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1/4 BPS Wilson Loops in N' = 4 SYM

@ Forini-Giangreco-Griguolo-Seminaro-Vescovi, Faraggi-PZ-Silva-Trancanelli

— 1
ATLESE(00) = 5 2 (395> (00) + 205 (00) + 305> (00))
EeZ
4 _
~ 5 Y (9h00) + 2plon)
E€zZ+1
@ Result

e 3 /T+ tanh
Afiﬁelctifje = ilntanhao—ln #

3 0
= Elncoseo —lncosEO,

The first term gives the predicted result from the gauge theory. It comes from the
E = 0 mode of the QZE’S’Q determinant.
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1/4 BPS Wilson Loops in N' = 4 SYM

Conclusions |

Hints of string localization?

The field theory answer is obtained by the £ = 0 mode of the 928’9
determinant associated to the fields charged under the SU(2)p factor
of the supergroup preserved by the 1/4 BPS latitude.

Similar phenomena seems to take place in ABJM!

Explicit hints of a localization structure? What are these modes the
localization locus of ?

Take this lessons to computing corrections in QCD-like models.
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1/4 BPS Wilson Loops in N' = 4 SYM

Revisions

@ Forini-Tseytlin-Vescovi have proposed a perturbative computation
that matches the field theory answer [1702.02164]. “Perturbative
computation of string one-loop corrections to Wilson loop minimal
surfaces in AdSs x S° "

@ Hard to compute heat kernels in non-homogeneous spaces. Expand
the heat kernel around 6y = 0.

@ What does it teach us? The Gelfand-Yaglom method might be
imposing very strict conditions.

@ Back to the drawing board analyzing the space of boundary
conditions.
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1/4 BPS Wilson Loops in N' = 4 SYM

Revisions

@ Forini-Tseytlin-Vescovi have proposed a perturbative computation
that matches the field theory answer [1702.02164]. “Perturbative
computation of string one-loop corrections to Wilson loop minimal
surfaces in AdSs x S° "

@ Hard to compute heat kernels in non-homogeneous spaces. Expand
the heat kernel around 6y = 0.

@ What does it teach us? The Gelfand-Yaglom method might be
imposing very strict conditions.

@ Back to the drawing board analyzing the space of boundary
conditions.

@ Stay tuned ... coming up this summer!
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Why go to ABIM ?

ABJM theory is a Chern-Simons theory in three dimensions of the form
U(N)k X U(N)_k.

@ Extra knob, k, (Chern-Simons level).
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Why go to ABIM ?

ABJM theory is a Chern-Simons theory in three dimensions of the form
U(N)g x U(N) .

@ Extra knob, k, (Chern-Simons level).
o N, k = 0o with A = & = fixed = Dual to string theory in AdS, x CP?
N — oo, with k = fixed = Dual to M - theory in AdS, X S7/Zk

@ Wilson Loop in Higher Dimensional Representations

Configuration || Representation of SU(N)
String Fundamental
D2 Symmetric
D6 Anti-symmetric
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The ABJM 1/2 BPS WL

o Klem-Marifio-Schiereck-Soroush 1207.0611:
1 o7\ Ai[CTYV3(N — & — T
(W) = = esc (_”) ?[ _1/3( 21 31k)], (22)
o O =2/(r%k).
@ This result is exact at all orders in 1/, up to exponentially small

corrections in N (world sheet or membrane instanton corrections).

The denominator in the expression above is the partition function of
ABJM theory [Fuji-Hirano-Moriyama,Marino-Putrov].
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Holographic WL

@ Classical background:

R3
ds? = o ——(ds%gs, + 4dsips)
d8124d54 = du® + cosh? udsAdS2 + sinh? ud¢?,

2P
° ds(CIP’3’ 7F47F2

@ Classical Solution: The solution is u = 0.

2

Sstring,cl. oy k‘ /d’(,b/dp Slnhp =7V2 (COSh PO — 1)

0

o Classical action coincides! Large N, large A always coincides.
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Holographic ABJM WL effective action

o The one-loop effective action (six massless scalars - point on CP? and
two massive - AdSs C AdS,):

r_ det(—V% - %) det?’(—V%7 + %)
det(—V2 4 2) det3(—=V2)

1 1
r = —ifjlg(o) + 5(?(0)
= %%+161nA—61n(27r)—%—16lnA+61n(27T)]
Fl == O

o Field theory: In(W/?) = 7v/2X — In(87A) + ...
e Confusion: Six massless mode from point in CP? should be smeared?
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Half BPS WL in ABJM

Comparing the 1/6 (latitude) versus the 1/2 BPS
[1706.xxxX]

L? . 2 sinh?
Sy = /dT do \/g (gab (BuxZ) oy B + 2P !ng\z),

V9
ab (1A, 45\x A 45 2m? 45)2
Sus) = drdo /g (9" (Dy x>)" Dy X*—% X727 ), (25)
a N sin? 0;
S6,7),8,9) = — deU\/_(gb(DfX) DPx — NG |X|2),

@ The modes (6,7,8,9) generate the field theory answer through the
E =0 modes.

e (4/2)Incosfy = In(\'/\) = In cos? 6.
@ The degeneracy of these modes - 4 - provides an argument against
the ghost zero modes claim for (3/4)log A used in N = 4.

Vimal Rathee (University of Michigan) Holographic Wilson loops 25 / 34



Half BPS WL in ABJM

Conclusions |l

@ ABJM provides another empiric example of bulk localization.

@ Can this be made precise using a localizing supercharge or a
equivariant localization?

@ Is there a similar bulk localization mechanism for D-branes
(corresponding to Wilson loops in higher dimensional
representations)?
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Higher Dimensional Representations

Dp as Wilson loops in Higher Dimensional Representations

@ Wilson loops in the m-symmetric and m-antisymmetric
representations correspond to D2 and D6 branes respectively.

Sgp =T, /dp+1 Ee ® \/—det(gap + Fap) + T / e A Z Cy (26)
q

ds* = e —(ds% g, + 4dsips)
4k AdSy Ccp3
ds%qg, = du® + cosh? udsAdS + sinh? ude?,

4dstps = da® + cos? (d02 + sin? 01 dp?) + sin? — (d¢92 + sin? Oy dop2)

+ sin® % cos? 5 (dx 4 cos bty dp1 — cos b9 d¢2) ,
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D6 brane

@ Classical Solution: }
The solution is u = 0 with AdSs C AdSy and T%! c CP? at constant a.

1

Swr = SBs — BmE
N (27)
= E[Sin?’a 1 - FE2 - E (sin®« cosa + 2cosa — 2)] — _mE
EOM gives,
E = —cosq, (28)
_ 5556 N
m.o = /35—E—5(1—cosa). (29)
m(N —m
Swi = % (30)

@ D6-brane is 1/6 BPS and symmetric under m <> N —m.
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Higher Dimensional Representations

Fluctuations

o Embedding a D6: 3 scalar fields and a gauge fields in AdS, x Th1.
@ Bosonic symmetries : OSp(4/2).

S0 = —gn [ VT {5TN T+ (087 0+ 17

Sin o« sin” a

3 1 1
_ 4)2 3 2 4 ZzapB — Z cot ae"Pq. O
2sin? o O™+ sinaegx VVX sinax <26 faﬁ) QCO e Vap}
Sho = gaem | €€ VG| Vo - (R 101
D6 9sin o @ 4

-9
v 5678
+ 1 -3y |6

4Sina( 7 )} *
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Higher Dimensional Representations

Logarithmic Correction to D6-brane Wilson loop

1 I 1 d 0
—§1ndetA = <W/d Q?\/Ead/z(l',ﬂf) —TLA> IOgL+ ........ (31)

° n% are number of zero modes of A and aq/, are Seeley coefficients.

@ In odd-dim spacetime, a,/3 vanishes.

@ Non-zero contribution from zero modes (nY%).
(Z o0wk) [ v (32)
e M/2-forms on AdS)s spaces. Use by Bhatacharya-Grassi-Marifio-Sen
in AdSy x S7.

1 M! 1
Z 6" @) = 5337 Gy v (33)
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Higher Dimensional Representations

@ The one-loop effective action arises only from the contribution of a
vector zero mode in AdS,.

@ The answer is clean.
e In(Tpg/sina) ~ In (N\/_ ) [1706.xxxx]
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Partial Field Theory Results

@ p-antisymmetric representation f = p/N — fixed.

. 1. [2)
WG ~ exp [NW\/Q)\f(l—f)—i-Zln (ﬁ . (34)
@ p-symmetric representation f = p/N — fixed.
WS ~ exp [ FNTV2X — In(N f22772)) + 0(1)] . (35)

@ Not a match.

o Note that the D6 computes corrections in 1/(N+/X), whereas the
saddle point computes in 1/N.

@ Need to improve on the matrix side.
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Status and Open Directions

@ Precision holography is a painstaking job and we are learning how to
perform holographic computations.

@ There are various venues in A" = 4 and ABJM.

@ Similar techniques have been applied by Sen and collaboraters to
asymptotically flat black holes. They should be applied to the entropy
of asymptotically AdS black holes.

@ Benini-Hristov-Zaffaroni: Localization side [Topologically Twisted
Index] - Gravity side [Magnetically charged Asymptotically AdS,
black holes.]
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Higher Dimensional Representations

Thanks !
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