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Deforming the primary model

IIB strings on AdS; x S°

Unique int. model 4%
with PSU(2(2)? symmetry

Non — commutative YM?77? Strings on (AdSs x 85)77 7

q — deformed integrable model
with PSU,(2|2)? symmetry



Undeformed theory: symmetries and Lagrangian

Coset PSU(2,2[4)/SO(4,1) x SO(5)

SU(2,2)/SO(4,1) ~ AdSs SU(4)/SO(5) ~ S°

coset element g(7,0)
Current Ay, = — _laag € su(2,2|4)
Realisation of su(2,2|4) in terms of 8 X 8 matrices



Undeformed theory: symmetries and Lagrangian

Z;-grading: f = su(2,2|4) = §(O 4 1) 4 §2) 4 56)

Q(5F)) = jk§k)
Projectors P(K). d= P +2p2) _ pB)

= —%(wﬂ _ 2B str(Aa - d(AB))

This expression reproduces the expected Green — Schwarz Lagrangian for IIB superstring in AdSs x S°

Metsaev, Tseytlin '98




Deforming the theory

L, =—9(1+n?)(yB — °B) str(Aad - (9—1(A5))

d=pP) L _2_p@2 _ p@)
I 1_,'72

O=1—-—nR;od

ey B(+) = Adj, 1 0 Ro Adj, (1) = g~ R(a(-)a ")

modified classical Yang-Baxter equation (mcYBe)

Delduc, Magro, Vicedo '13




Generic properties if the deformed models

[ Classically integrable
A K -symmetry
4 Hidden symmetry PSU,(2,2/4)

[ At least 8 non-trivial R’s, corresponding to Dynkin diagrams

O
O
®
O
O
O

For the rest of the talk we choose R which corresponds to the standard Dynkin diagram O

—1 Mjk, J <k
R(Mjk) = 0, j=k

+1 Mjk) J >k

Other interesting choices are possible!



Bosonic sigma-model

_ _2n
S=—2 [drdo (7*P0, XMOsXNGun — P 0, XM XN Byw) TP
Gg=gV 1+ 2
2
fr(p) 1 fi(m)zlix
ds? = — g2 4 dp® + p2doe?,
f-(5p) AOACT
f(r) ;.o 2 | L2 A
AP R A CTAPL MR
40} = — %2;4 (0% + cos? ) +-sin® Ca
dof = 1 (de? 4 cos? £dx?) + sin® £dy3

1+ 52résin¢

rt sin2¢
1+ 32r4sin® ¢

.
B:%( PISINZC i A dc —

1+ 52p4sin®¢ D1 A dﬁ)

& The limit » — 0 = AdS; x S°
& The metric and B-field are invariant under shifts of , @, 11, V2, X1, X2

1
¢ Theranges 0<p< —, 0<r<I1
>

¢ The deformed AdS is singularat p — 1/%

Borsato, Frolov and G.A. 13




Geometry

1—r? 2 dr?
2299 + a0y 12




RR fields

Borsato, Frolov and G.A.’15



Green-Schwarz Lagrangian at quadratic order in fermions

Ly2 = —% ( aBgh 4 EO‘BO'IJ) I@/Ga"}’mDJKQK

NSNS

i

1
Dcl;zl =6V (aoz - ngm')/mn) + gUéJegZ mnp7np
1 ] 1 1
_ § ,Ej (GIJ,YP Fé ) 4 3 o ,qur F(qz 4 | IJ,YPQrst F;ngst> egZ’Ym

RR

Extract e® F(") plug in SUGRA equations for F(") — st order
differential equation for ¢!



Green-Schwarz Lagrangian at quadratic order in fermions

Reaching the canonical form of the GS Lagrangian
o —Us, XM XM oMy

U, fM : 32 x 32 matrices, functions of X

Sbos(X) = Sbos(X) + 9Sbos(X, OF6)

9-/M/J9J — 9—/ (UMU)U 9J

Guiding principle: find U and fM to get a canonical term with 0

~

—% (70‘55U —- eaﬂay) i0) &M~y 030

epy is the deformed vielbein

We found such a field redefinition! The terms with W and H,., came out correctly!



Results for the RR-sector (ABF background)

e?F) = —43*\V/1 + 22 ¢zt pPsing, e?Fg = —4s*\V1 4 32 ¢t rising,

6¢F014 = —|—4%\/1—|—7%2 c}l p2 sin (, €¢F123 = —4%\/1—|—7%2 c}l 0,
e¢F569 = —4%\/1—%7%2 c}l r? sin &, 6¢F678 = 4—4%\/1%—7%2 c}l T,
e? Foug = — 4331 + 32 c}l prosin €, e? Fasg = +45°/1 + 32 c}l p*r3sin Csiné,
e? Flsg = 4331 + 32 c}l p°rsin ¢, e? Fl7g = — 4331+ 52 c}l pr?sin Csiné,
¢F01234 = +4m cF : 6¢F()2346 = +4%4\/1—|—7%2 c}lpgfr?’ sin ( sin &,
8¢F01459 — +43°V1 + 32 Cr p2r sin (, 6¢F01478 = —|—4%2\/1—|—7 c}1p27“2 sin ( sin &,
e? Fousgg = —432V/ 1 + 22 clﬁlpr2 sin &, e? Fouers = +42°V/ 1 + 32 c}lpr.

Cp = \/1 -~ %2,02\/1 + 22ptsin? (V1 + %27“2\/1 + 227t sin? €.

SUGRA eoms are not satisfied!

Maldacena-Russo background is reproduced! \/



Maldacena-Russo background

w50, pospfE, b Et, € Gt
Y1 — /xP1/C0SCo, P2 — \/2h2/ Sinp
p?(d¢? + dy2)  dp?

ds® = p?(—at® + di3) + + =
a4 v2) 14+ ptsin®¢y PP

4 "
P sIN Go
Bz = diy4 A d
? 1 4 p4sin? ¢ ¥1 A4

[Matsumoto, Yoshida '14] [Frolov, unpublished ’14]

1 .
logcr ' = O = P — E |Og(1 + 104 Sm2 CO)

Fora = Fs = 4p° sin (e~ 0 dt A dibs A dp

2 53
Fot234 = Fs = 2e~ %0 P > at A diyo Adiypy AdC Adp + r3 sin 26dp N dopo AN dp1 A dE N dr
1 —|—,04 sin“ (p

[Maldacena, Russo ’99]



Kappa-symmetry

The deformed model has kappa-symmetry

32-dim spinors K,/ to parameterise kappa-symmetry transf.

Q= ( (1) ) ® 0, and [, are 32 x 32 Gamma matrices

The same field redefinitions bring the kappa-symmetry transformations to the standard form:

I

0, XM = = 0,6MTMs,.0,+ 0(©3%),
1
5,0 = _Z(5IJ,Ya5 IJ aﬂ)r K J_|_(f)(@ ),

RR-couplings can be read off from the variation of the world-sheet metric and they are the same as found before!

0,70 = 2i e Nk BT K, DEFe, + 08"
5IJ oo/ 4+ O’U oo

I—IIJaa’ _
2

Contradiction with [Bergshoeff, Sezgin, Townsend, ’86] and [Grisaru, Howe, Mezincescu, Nilsson, Townsend '86]?
kappa-symmetry implies supergravity constraints (eoms?)

Differential constraints can start showing up only from variations of quartic action in fermions!



HT background in the T-dualized model

; 1—?p® dp? dij? . i}
d 2 — ——dt2 1 t d 2 2
° 1+ p? (1+ p?)(1 — 52p?) i p? cos? ( T pdCh 2ptan dipr)” + p2 sin?
L+ dr? dgt R
d¢ d¢ — sertanéd
+ 11— 2 & +(1—r2)(1—|—%2r2)+r2cos2§+(r £ — xrtandoy) +rzsin2§
B=0, F =0=7F;

. 4iv1 + 32 . pdp dips dijr . dr )
- dé — xrtanédo) N (—=— d
75 V14 p2V/1 -2 [(dt+1—%2p2)/\psing“/\pcos(/\(r § = s tanddn) (1+%2T2—|—%r ?)

. wrdr dds déy - dp .
- - d t d S — dt
(42 1+%2r2)/\rsin§/\rcos§/\(p G+ optang ¢1)A(1_%2T2+%p )}

(1 — 52p%)2(1 + »2r2)?
p212+/1 4 p23/1 — 72 sin 2( sin 2¢

& = do — ds(t + §) — 25¢(4b1 — ) + log

¢ An exact solution of IIB sugra (metric is non-diagonal)
§ Flux Fs is imaginary
¢ Dilaton is linear in isometric coordinates

¢ Formally T-dualizing back is not possible!

F=etf
T-duality
FABF

[Hoare, Tseytlin ’15]



Scale invariance of the eta-deformed model

NONS-sector

[Frolov, Hoare, Roiban Tseytlin and G.A. '15]



Scale vs Weyl Invariance for the bosonic sigma model

Scale invariance: ) = € TH =0 orlocaly I =0,K"
g,ul/ g,uz/ W K
Weyl invariance: 09, = €(2)g,. T =0

Scale invariance conditions for the bosonic sigma model:

gn = LYmn — iHmlenkl — _Dan — DnXm
B 1 k

Weyl invariance conditions for the bosonic sigma model:

X, = m¢ Y,, =0 q5 is a dilation
9
OmB® =0 b= R— 4D?*¢ — 40™ O
Central charge identity (Curci-Paffuti identity)
!
T = Bﬁnaaxmaax”+6£n6“b8axm8bx”, T = VN, No = 2(X,,0,2™ + €Y, 0p5™)

This cannot be cancelled by a local counterterm unless Xm = 0no, Yo, =0



Scale invariance conditions for the GS superstring

1) 1 1 L1 1 1
Toun = 5 FnFa + 3 Fmpa Pt + = Fropara ol = = Gin (S FuF* + = Fipg 774
G = Ly g =D, X, — D, X
mn:Rmn Z mklLdly _Tmn—_ m<in — UnAm
1
B __ k k
5mn — §D Hkmn + Kmn — X Hkmn + amYn _ aanm

1 k 1 kip

fm = equm ) fmnk = 6¢ank ) anklp = eqb-FTank:lp

For X, =90n¢, Y =0 these equations follow from |IB supergravity action

2) For RR-fields UV finiteness of the 2d sigma model should imply 2nd order differential equations:

F
Biey .. ks

DO | —

D*Fp, g+ .= X0 Fry o k. + kal...m...ksakiXm



X &Y of the eta-deformed model

1+ p? 5 . o p* cos® ¢
— mo_ L —
X = A &1—%2p2dt +&p S G dys +gg;1+%2p4sin2g“ !
1—r? 9 . 9 r? cos® ¢
—1:;?:: 1+ 2202 d¢ +&T Sin” L dgs +gc£u1 + s2r4 sin? §d¢1
22 p* sin 2¢ 1 3 2
—(1— d
2(1 + »2ptsin? ¢) N p( 1 — 32p2 - 1+ 2p* sin2{) P
221 sin 26 1 3 2
> de+-(1- + —dr
Isometry 2(1 4 2214 sin? ¢) T ( 1+52r2 1+ s2rtsin? §)
™m
X, =1, + Z, . DI, + DI, =0 . D™, =0
14+ p2 2 .2
Y =Y, dx™ = 4 %dt#—%«r pcos .C2 di)y
wome 1 — 222p w1 + 222p% sin® ¢
1—r2 r2 cosQ§
dye ———dp — 2
+41—|—%2r2 7 ;1+%2r4sin2£
22 ptsin 2¢ dc + 1(1 B 3 2( leg — 1) )dp
2(1 + s2ptsin? Q) p 1—32p2 1+ 32ptsin? ¢
2,4 ~1
2“7r™ sin 2 1 3 2(sc "e5 +1
24-62 ds+—(1- 2,2 ( 2i-2))d7"
2(1 + »?r4sin® §) r 1+ser? 14 »?rdsin®g
For co=c3 =4, cr=c4 =0, Cog = —C5 = 2x

Ym:Xm

Surprisingly, for these coefficients X =R — f—sznnk + 4D Xk —4X Xk =0 8mBX =0



ABF analog of the dilation

Oy Ty — O Zrr + TFHyprn = 0

Zero mode (L1B)mn = I"0xBun + BrnOmI* — Bpm0OnI*

\

Solution: Lim = Om® + Bkmlk

¢ 1 ] (1 B R2p2>3(1 + ’4’2742)3
= s 1o
2 08 (1 + x2p*sin? ¢)(1 + x2rtsin? £)

\ Precisely the isometric part of the HT dilation gg under the standard T-duality '




Modified type Il equations
RR-sector

[Frolov, Hoare, Roiban Tseytlin and G.A. '15]



Standard IIB sugra equations

Introduce 7 = Z,,dx™ = d¢

F =e?F
1) D" Fry — Z"MFpy — s H™P Frpy = 0 dFy —ZNF1 =0,
2) DP F o — ZP Fpmn — HP" Frmpgr = 0 dF3 —ZNF3+H3 NF1 =0,
3) D" Frmnpg — Z" Fmnpg + 35Emnpgrstuvw H™ S FWY =0, dFs—ZNFs+Hz AF3=0.
Dynamical equations Bianchi identities

*.F5 — JT5

I

Self-duality of the five- form



l-modified sugra equations

D™ F — Z™Fn — ¢ H™P Frppy = 0 I"Fp =0,
(dfl — Z N JT"l)mn — Ip./fmnp =0.

L —

1)

Dpfpmn — prpmn — %Hpqrfmnpqr 1 (I A Jrl)mn =0,

2)
(d.Fg — ZNF3+ Hy N -Fl)mnpq — Irfmnpqr =0.

Drfrmnpq - ZTfrmnpq + 3_165mnpqrstuvamt~Fuvw | (I A f?))mnpq =0 )
(dFS — Z N F5 + H3 A FS)mnpqrs + %5mnpqrstuvwltfuvw =0.

! Surprisingly, there exists combinations of the above equations that depends on Z and I through the combination Z = X 4 I only:

D" Fry — X" Fpy — ¢ H™P Frpp =0
Drfrmnpq — errmnpq + %5mnpqrstuvamt~Fuvw + (df3 — XA F3 + H3 A Fl)mnpq =0

These equations are sufficient to derive 2nd order equations which should express scale invariance conditions



Equations for RR-fields as

scale invariance conditions



Equations for RR fields as scale invariance conditions

Requirements:

(i) vanish on the supergravity equations with X = d¢, ¥ =0
(ii) depend on Z and I through X = Z + 1

(iii) depend on X through Lie derivatives

Compact form of the I-modified equations

dFon+1 — Z N Fons1 + Hs AN Fop—1 —*(I AxFaps3) =0, n=-10,...,
dx Fopns1 — £ N*Fops1 — Hz N *xFonis —|—*([ A FQn_l) =0, n=0,1,....
n=—1: A(IA*F)=1"Fpn =0

Act on the first equation with xdx and on the second with dx



Equations for RR fields as scale invariance conditions

1) D*Fp — R F" + (R — 2H*)F,,
+ SHP™ Hppon Fr, — & Dy HP™ Fpt, — S HP™ Dy Frtom,
= 2(XPDyFy, + D XPF,) + S, F"* — L85 F™%,, .

2) Dernkm - Ra[nfak:m] + Rab[nk"rabm] + i(R - %H2)Fnkm
+ %HabcHab[n‘ka]c - %HabcHa[nka]bc
+ DaHa[nk}—m] + Ha[nkzDaFm] — FaD"Hpjern
_ %D[nHachkm]abc . %HabCDancnkm

= 2(X*DaFum + Din X Frmla) + BejnF “km] + BipiFm] = 58a0F “rem

3) D*Fijrim — RafiF % jrim) + Rapfis T kim] T 1 (R = 2H?) Fijhim
+ %HabcHab[i'ij:lm]c - %HabcHa[iij:lm]bc

+ DaHa[ijfklm] + Ha[ijDafklm] - Fa[ijDaHklm]
+ Tlggijklmbdef (DaHabc]:def + HabcDaFdef . J—_-abcDaHdef) —
= 2(X"DaFijhim + DX Fjktmia) + Bt F jtim) + B Feim) +

1 Byab 1cd
ﬁgijk:lmabcde(ﬂ )a Fe

All three equations contain the expected Hodge-de Rham operator, vector X generates reparametrization and bosonic beta-functions appeared



T-duality as a origin of the I-deformation (NSNS case)

T-dualtity

A

ds? = 2@ qy? + G (z)dxtdz” B=A,(z)dy Ndx", a=—a

The condition Ry, + 2Dmf)n(5 = 0 expressed in terms of new fields reads as

Ry + D Xy + D Xy, =0

With
X,ndz™ = I,dz™ + Zpdz™ = ce 2% dy + [(%(QAS —a)+ cflu} dxt

Analogously, BY=R—5H?  +4D™MX,, —4X™X,, =0



Conclusions
and

future problems



v¢ Does I-modified equations follow from kappa-symmetry. Yes!
[Wulff and Tseytlin ’16]

v¢ What about other deformations, e.g. corresponding to the solutions of the CYBE. Yes!
[Yoshida et al. ‘16], [Hoare and van Tongeren ‘16]

v¢ What is the relation to the mirror model ?

[van Tongeren and G.A. ‘14], [Pachol and van Tongeren ‘16]

v¢ Eta-deformed model is scale invariant but not Weyl invariant. Classical kappa-symmetry implies
scale invariance only! Could this model still be used to define a critical string?

Eta-deformed model is related to the lambda-model by Poisson-Lie duality and analytic continuation. The
latter model propagates in the [IB background and therefore is Weyl invariant. Extra fields? Non-locality?

[Yoshida et al. 17]
v¢ Is there any way to obtain /-modified gravity equations from some Lagrangian?
v¢ What is /-modification for background fermionic fields?

v¢ I-modification destroys local supersymmetry. If there is still any local (hidden) symmetry?

v¢ What is a dual (hon-commutative) gauge theory?
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