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String Geometry 7 — T >

Strings see geometry in different ways than particles do

Spacetime geometry is an approximate notion: Valid at sizes
R > (g, but breaks down at R ~ /5 due to non-locality

Isolate geometry from non-locality: Geometry makes sense in
decoupling limit o/ = 2 — 0 with R finite

Not all spacetime geometries are ordinary geometric spaces,
e.g. noncommutative spaces can arise as decoupling limits

Use effective field theories as probes of geometry: Introduce
D-branes and take decoupling limit = Noncommutative
worldvolume gauge theories in an NS-NS B-field background

[See Erik Plauschinn’s talk for a direct open string perspective]
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Open String Dynamics in Constant B-Fields

(Douglas & Hull '97; Ardalan, Arfaei & Sheikh-Jabbari '98; Chu & Ho '98; Schomerus '99;
Seiberg & Witten '99; ...)

» 2-point function on boundary of disk: ordering

(x'(t)x(t')) = —a/ GVlog(t — t')* + 1 67 sgn(t — t')

» Open-closed string relation (g, B) — (G, 6):
1 1 0

——— ==t —

g+22ra’B G  2mwd

1/2

> In decoupling limit o' ~ €'/* | gj ~ € with e — 0:

G=—-(2rd')?Bg'B , =B
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Noncommutative Yang-Mills Theory

» Open string interactions in scattering amplitudes captured by
Moyal-Wey! star-product:

fxg=-exp(+070,20)(f®¢g)

Massless bosonic modes:
A;, X? gauge and scalar fields,

d low-energy dynamics described by
- noncommutative gauge theory
» Effective Yang-Mills coupling in Dp-brane gauge theory:

» _ (2mp? , (det(g +210'B) 1/2
&ym = (o/)(3*P)/2 8s detg

Finite in decoupling limit if g5 e? ~ eBG=Pt1)/4  r = rank(B)
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Morita Duality of Noncommutative Gauge Theory

Open string T-duality on a p-torus TP acts on Dp-brane charges

SO(p, p; Z) T-duality group actson € =L (g+2ma’B) as

1 A B
'=(AE+B) =———= fi L

In decoupling limit:

G'=(CO+D)G(COH+D)T , 0 =(A6+B)

1
CO0+D
and gl = gy |det(CO+ D)|1/4

Noncommutative gauge theory inherits this T-duality symmetry

Refinement of topological T-duality via Morita equivalence of
noncommutative tori: K(TJ) = K(T})
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Non-Geometric Flux Compactification
New features when H=dB #0 7

Prototypical examples are torus bundles with H-flux:
d
M LI W, [H € HM,Z)

d
M=T3 T.) T37d’ H — de/\dyl/\dy2 , B= mxdyl/\dy2

T3 with H-flux gives geometric and non-geometric fluxes via
T-duality (Hull '05; Shelton, Taylor & Wecht '05)

Ti T Ql_/k Tk

Rk

Hiji ik
Goal: Understand worldvolume gauge theories in these
non—geometric backgrounds [extending (Lowe, Natase & Ramgoolam '03;
Ellwood & Hashimoto '06; Grange & Schifer-Nameki '07)]; compare with
noncommutative/nonassociative closed string geometry
(Blumenhagen & Plauschinn '10; Liist '10; Blumenhagen, Deser, Liist, Plauschinn &

Rennecke '11; Mylonas, Schupp & RS '12; ...; cf. Laurent Freidel’s talk)



Expectations from Topological T-Duality

(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;

Brodzki, Mathai, Rosenberg & RS '08)

%_



Expectations from Topological T-Duality
(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & RS '08)

» H-flux (d =0): M =Spec(A) ;



Expectations from Topological T-Duality
(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & RS '08)

> H-flux (d =0): M =Spec(A) ; T-dualis A=Ax,R?
a:RY —s Aut(A) with K(A) = K(A)



Expectations from Topological T-Duality
(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & RS '08)

> H-flux (d =0): M =Spec(A) ; T-dualis A=Ax,R?
a:RY —s Aut(A) with K(A) = K(A)

> Metric flux (d = 1): Spec(A) = Gg/Gz = Heisenberg nilmanifold



Expectations from Topological T-Duality
(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & RS '08)

> H-flux (d =0): M =Spec(A) ; T-dualis A=Ax,R?
a:RY —s Aut(A) with K(A) = K(A)

-~

> Metric flux (d =1): Spec(.A) = Ggr/Gz = Heisenberg nilmanifold

> Q-flux (d =2): A= C*(Gz)®K = field of noncommutative 2-tori
T92(X) , O(x)=mx, xe€ S T-fold



Expectations from Topological T-Duality
(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & RS '08)

v

H-flux (d =0): M =Spec(A) ; T-dualis A=A x,R? |
a:RY —s Aut(A) with K(A) = K(A)

-~

Metric flux (d =1): Spec(.A) = Gr/Gz = Heisenberg nilmanifold

v

v

Q-flux (d =2): A= C*(Gz)®K = field of noncommutative 2-tori
T92(X) , O(x)=mx, xe€ S T-fold

v

R-flux (d =3): A=K(L3(T?)) x,, T3 = nonassociative 3-torus
Tg)’ , ¢ € Z3( T3, U(1)) associated to H locally non-geometric
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The Twisted Torus as a 72-Bundle

Twisted reductions: Family of string theories over S!, for each
x € S* a conformal field theory with target T2

Dependence of moduli determined by y(x) = exp(x M) € 0(2,2)
with monodromy M(v) = ~(0)y (1) = exp(M) in:

I C 0(2,2,Z) ~ (SL(2,Z), x SL(2,Z),) » Zs

where 7 = 71 + i1 = modulus of T2, p = B+ iArea(T?);
inequivalent theories parameterized by conjugacy classes of I

If I' = SL(2,Z),, the family is equivalent to a limit of string theory
with target a twisted torus X, viewed as a T2-bundle over S!:

ds? = (2r rdx)? |dy + Tdy2{ . T(x) =v(x)[°]
for fixed 7° (usually take 7w =0); B=¢=0

b

a
ForM—(C d

> € SL(2,Z): T(x+1)=M[r(x)] = 2”7—7
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The Twisted Torus as a Group Quotient
X = Gr/ Gz, with generators Ji, o, Jy:
[Jaa Jx] = Mab Ib 5 [J37 Jb] =0

Gz: (x,y',y?) € T3 with monodromy:

x—x+1 y""»—>(/\/l71)abyb

Maurer-Cartan 1-forms 7* = dx , 17 = v(x)?, dy? obey structure
equations:
dp*=0 , dnp® =My A7

Conjugacy classes of SL(2,7Z):
1. Parabolic: Tr(M) =2

2. Elliptic: Tr(M) < 2
3. Hyperbolic: Tr(M) > 2
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The Twisted Torus and T-Duality

» Gauge theory: Wrap D1-brane on (torsion) y!-cycle, at y?> = 0 and
any x € S!, and follow its orbits under T-duality using Buscher rules

» T-duality along 0, gives D2-brane in T-fold:

_ 202 T2(x) n2 , (2ra)? 2)2
g = (rr)Pd<P+ EBE (A (dy")” + " (dy?) )
71(x) 1 2
B = d d
Ol Y
oh) 2ra’ m(x) 1/2
A r(x))?
» Apply open-closed string transformation:
A 2 (2ma’)? 2
G = dy')” + S (dy?
=00 Y ey (@)

0 = Tl(x)8y1A8y2
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Parabolic Twists

1 m

For m € Z, monodromy generates M[r] =7+ m: M = (O 1

1 mx

Local section: ~y(x) = (0 1

> , T(x) =7°4+mx
Gr = Heisenberg group

T-duality along 9,1 maps D1-brane in X to DO-brane in T3 with
constant H-flux: B = mxdy* Ady? , H= mdx Ady* A dy?
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Parabolic Twists

For m € Z, monodromy generates M[r] =7+ m: M = ((1) rln)

1 mx

0 1> , T(x) =70+ mx

Local section: 7(x) = (

Gr = Heisenberg group

T-duality along 9,1 maps D1-brane in X to DO-brane in T3 with
constant H-flux: B = mxdy* Ady? , H= mdx Ady* A dy?

There is a consistent decoupling limit of the D2-brane on the T-fold
with o/, A, 75, g5 ~ €'/2 such that as € — 0:

G = (2rndyt)’ + 27 ndy?)?

O(x) = mx , g%M =27 gs
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Parabolic Twists and Noncommutative Gauge Theory

» Since Jy.0 = 0, Kontsevich formula gives star-product:
frg=-exp(zmx(0®0p2—0p2®0:))(f ®g)
» Quantizes Heisenberg algebra, agrees on S x T2 with twisted
Schwartz algebra C*(Gz)
» Noncommutative torus T92(x) has Morita equivalence group:

SO(2,2;Z) ~ SL(2,Z)y x SL(2,7),

» Monodromies give correct SL(2,Z)s Morita transformations:

O(x +1) = 0(x) + m= M[6(x)]

» Open strings see conventional geometric T3 with non-geometric
noncommutativity 6(x) !
(cf. Morita equivalence symmetry of noncommutative Yang-Mills
theory is inherited from T-duality in decoupling limit)
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Elliptic Twists

» Monodromies of finite order: M = U co§(m19) sin(m ) U-1
—sin(md) cos(mdv)

» Local section: v(x) = U < cos(m ¥ x) S|n(m19x)> U-1

—sin(md¥x) cos(mvx)

> Gz = 150(2)
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Elliptic Twist

Monodromies of finite order: M = U (

_ _ cos(m ¥ x)
Local section: ~(x) =U <—sin(m19x)
Gs = I1S0(2)
Z4 monodromy generates M[7] = —1:

S

(m99) in(md) _
—Ccs)isn(mﬂ) zos(mﬂ)> v

sh@nﬁﬂ) -1

cos(m v x)

9=I me4Z+1,U=1
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Elliptic Twists

Monodromies of finite order: M = U (

Local section: ~(x) =

U < cos(m x)

—sin(m ¥ x)
Gr = 1SO(2)

Z4 monodromy generates M[7] = —1:

Decoupled open string noncommutative

(m99) in(md) _
—Ccs)isn(mﬂ) zos(mﬂ)> v

sh@nﬁﬂ) -1

cos(m v x)

9=I me4Z+1,U=1

geometry:

G = cos® (B x) ((27r n)? (dy1)2 + (27 n)? (dy2)2)

f(x) = tan (%" x) , gvm(x)? =27 g | cos (BT x)|



Elliptic Twists and Noncommutative Gauge Theory



Elliptic Twists and Noncommutative Gauge Theory

» Star-product:

fxg=- exp(% tan(5 x) (01 ® )2 — 0,2 ®8y1))(f®g)



Elliptic Twists and Noncommutative Gauge Theory

» Star-product:

frg=-exp (4 tan(BEx) (0 ® 9,2 — 0,2 ® 1) ) (f @ g)

» Monodromies give correct SL(2,Z)s Morita transformations; e.g.:

o(x+1) = —ﬁ = M[0(x)]
gym(x+1) = gym(x)[0(x)] = M[gym(x)]



Elliptic Twists and Noncommutative Gauge Theory

» Star-product:

frg=-exp (4 tan(BEx) (0 ® 9,2 — 0,2 ® 1) ) (f @ g)

» Monodromies give correct SL(2,Z)s Morita transformations; e.g.:

o(x+1) = —ﬁ = M[0(x)]
gym(x+1) = gym(x)[0(x)] = M[gym(x)]

» Open strings now simultaneously probe both a non-geometric and a
noncommutative space !



Elliptic Twists and Noncommutative Gauge Theory

» Star-product:

frg=-exp (4 tan(BEx) (0 ® 9,2 — 0,2 ® 1) ) (f @ g)

» Monodromies give correct SL(2,Z)s Morita transformations; e.g.:

o(x+1) = —ﬁ = M[0(x)]
gym(x+1) = gym(x)[0(x)] = M[gym(x)]

» Open strings now simultaneously probe both a non-geometric and a
noncommutative space !

» Orbifold point in moduli space: 7(x) =i for all x € S! when
7° = 1i; Open and closed string modes cannot be decoupled,
worldvolume gauge theory is ordinary Yang-Mills theory on a
conventional geometric torus
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Fibres T2 of twisted torus X:
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theory in X, with open strings stretching from

Ty

(r',0) — (v, w?ma(x)) ~ (v — w?0(x),0)

By concatenating paths, open string interactions are:

f,2 (yl) fon (yl —w? 0(x)) = 2 (yl) exp (— w? 0(x) 1) fon (yl)



Physics of the Decoupling Limit
Fibres T2 of twisted torus X:
WLy~ + LYY ) ~ )y 4 (X))

%50 — T2 3 Sl xR> (y17y2) with y! ~ y! + 60(x):
‘Irrational rotation algebra’ TGQ(X)

2

Strings winding w? times around y? have mass x w? 75

75 — 0 = new massless modes f,,2(y!) in D1-brane gauge
theory in X, with open strings stretching from

(r'0) — (Y w?n(x) ~ (y' — w?(x),0)
By concatenating paths, open string interactions are:
fuz (y1) fon (y' —w?0(x)) = f,2(y') exp (— w? 0(x) 0,1) fon (%)

T-duality along 0, plus Fourier transform = w? — p, — y?
— ff in D2-brane gauge theory in T-fold



The Doubled Twisted Torus



The Doubled Twisted Torus

» Double the twisting: y(x,X) = exp(x M) exp(Xx M) € 0(2,2)
(Dabholkar & Hull 05)



The Doubled Twisted Torus
» Double the twisting: y(x,X) = exp(x M) exp(Xx M) € 0(2,2)
(Dabholkar & Hull '05)

» Doubled twisted torus 2~ (Hull & Reid-Edwards '09): 2" = %& /9y is a
para-Hermitian manifold [cf. Felix Rudolph's talk]



The Doubled Twisted Torus
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The Doubled Twisted Torus
Double the twisting: ~v(x,X) = exp(x M) exp(X M) € O(2,2)
(Dabholkar & Hull '05)

Doubled twisted torus 2" (Hull & Reid-Edwards '09): 2 = %r /%y is a
para-Hermitian manifold [cf. Felix Rudolph's talk]

g%R - T*G]R - G]R X Rar gZ: (Xay17y2) exX ' ()77}717)72) € T3
with additional monodromies M

Doubled metric ds?- =, dX!' dX? |, H € 0(3,3)/0(3) x O(3):

2y — (&~ (2ra/)?Bg B (2ra’)?Bg!
o —(2nd/)?g B (2ra/)? g7t



The Doubled Twisted Torus

Double the twisting: ~v(x,X) = exp(x M) exp(X M) € O(2,2)
(Dabholkar & Hull '05)

Doubled twisted torus 2" (Hull & Reid-Edwards '09): 2 = %r /%y is a
para-Hermitian manifold [cf. Felix Rudolph's talk]

g%R - T*G]R - G]R X Rar gZ: (Xay17y2) exX ' ()77}717)72) € T3
with additional monodromies M

Doubled metric ds3. = H, dX! dX? , H € 0(3,3)/0(3) x O(3):
2y — (&~ (2ra/)?Bg B (2ra’)?Bg!
—(2nd/)?g B (2ra/)? g7t

T-duality realized linearly by O(3, 3; Z)-transformations, use to
follow orbits of D-branes in doubled torus geometry
(Lawrence, Schulz & Wecht '06; Albertsson, Kimura & Reid-Edwards '08)
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R-Flux and Noncommutative Gauge Theory

Background | Dp-brane | x y' y* | X y1 v

H-flux DO-brane - - = X X X
f-flux D1-brane - X - X — X
Q-flux D2-brane - X X X — -

R-flux D3-brane X X X - - =
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H-flux DO-brane | — — — X X X
f-flux D1l-brane | — x — X — X
Q-flux D2-brane - X X X — -
R-flux D3-brane X X X - - =

» Decoupling limit in R-space additionally requires r ~ ¢'/2,

with open string noncommutative geometry:

Gr = (27T e dX)2 + GD2|

X—X

8y1 AN 3y2

0R = 7'1()?) =0



R-Flux and Noncommutative Gauge Theory

Background | Dp-brane | x y' y* | X y1 v
H-flux DO-brane | — — — X X X
f-flux D1l-brane | — x — X — X
Q-flux D2-brane - X X X — -
R-flux D3-brane X X X - - =

» Decoupling limit in R-space additionally requires r ~ ¢'/2,

with open string noncommutative geometry:

Gr = (27T e dX)2 + GD2|

X—X

0R = 7'1()?) 6y1 Aayz

o —
7, =0

» Noncommutative D3-brane gauge theory in 2 returns to itself
under X — X + 1 up to Morita equivalence



