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Introduction

@ A symmetry of the classical action is a transformation of the fields
that leaves the action invariant.

@ Are these symmetries still valid in the quantum theory?

If not, the theory is anomalous! J

@ Two types of anomalies:

© Harmless
@ Harmful - destroy consistency of QFT
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Symmetries of classical action

@ Classical action S is describing some matter field coupled to a curved
background g,

@ Local diff - transformations: d¢g,,, = V& + V€,

If classical action is invariant = EMT is conserved
S=0 = VAT, =0 J

@ Energy-momentum tensor

_ 2 08
4 \/E 6gw/
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Symmetries of classical action

@ Classical action S is describing some matter field coupled to a curved

background g,
@ Local diff - transformations: d¢g,,, = V& + V€,

If classical action is invariant = EMT is conserved
S=0 = VAT, =0

@ Energy-momentum tensor

_ 2 08
4 \/E 6gw/

@ Local Weyl transformations: 4.8 = w(X)guv

If classical action is invariant = EMT is tracelsess
0,5=0 = T/ =0
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Woard identities

@ Fundamental object is partition function:
Zlg) = [ DiDve"
o Effective action:
Zlgl ="l = W[g] = —iInZ[g]

e Expectation (1-point function) of the EMT:

1 - - 2 SW]g]
T (x =—/D¢D¢T x)e® = —
<< /—W( )>> Z[g] ,UJ/( ) \/E 5g;u/
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Ward identities

@ If the quantum theory has the same symmetries as classical action

Ward identity for diff-invariance
VA(Tw(x))) =0

Ward identity for Weyl invariance
(Ti(x))) =0

o If classical symmetry breaks after quantization = anomalies
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Diff and trace anomalies

o EMT conserved

Diff anomaly
VE(Tuw(x))) =0

@ Symmetry under local Weyl transformations is broken

Trace anomaly - P-even part
(TH(X)) = aE+cW? [Capper, Duff 1975]

Euler density E = RWAPR’“’/\’) — 4R, RM + R2
Weyl density W2 = R,,,,,R* — 2R, R* + 1R?
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Diff and trace anomalies

@ From WZ consistency conditions
» There is no diff-anomalies

V(T () =0 J

> General form of trace anomaly is

(TH(x)) =aE+cW?+eP [Bonora, Pasti, Tonin 1986] J

Pontryagin density

1
p— 5 "% R Rovas
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Original calculation

[Bonora et al. 2014]

@ Consider the action for left-handed Weyl fermion coupled to curved
background in 4d.

— 1
S = /d4x lg| i ~y* <VM + 20@) YL
@ Perturbative calculation around flat background

Suv = Nuv + h,uzl

with redefinition of the field ¢ — \gﬁd}
@ The action up to h?

1
S~ /d4x [ (04 — = “)M’Y Bqu + f66“abca hax by hryeyseL
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Original calculation

@ The calculation of trace anomaly is based on Feynmann diagrams and

dimensional regularization

@ Vertices .
i
Vi - =5 [(p+ £ + (o + P)u] P
€ 1 K
Vit : 64 spva(k = K Py
where P, = 1275 and

t/l,l//l/l/'li)\ = Nuw €vv’' kA + Nov! €’ kX + Nuv' €vp’ kX + Mo €pv’ kX

~X <L
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Original calculation

o Parity-odd part of trace of EMT at h? order
iz (2) _ 1 4 4 M1V 22
<<Tu (X)>>P 9 d*xid"x T (X7X17X2) hH1V1(X1) h,u2l/2(x2)
where
I (x, 1, x0) =~y { T () TES (x0) TE00) )

° T(‘g; is the energy momentum tensor in the flat space

y if(— .5
T(’f)) = —Z<¢L’Y“3 P+ (p V))
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Original calculation

@ The explicit calculation gives [Bonora et al. 2014]

i
UTENE = g (0,0, b 0D, hg — 0,05 h 050 h,)

@ Covariantize:
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o Calculate in 2 ways:

© Repeat calculation for P-odd part of the trace anomaly for Weyl
fermions coupled to curved background in 4d in a more pedantic way

@ Introduce axial gravity - use Dirac fermions coupled to
metric-axial-tensor (MAT) gravity
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1. Calculation with Weyl fermions

@ No redefinition of the field

@ There are additional vertices, up to h? order:

i
Vim ZnHV(P +p)PL
! 3’ / /
Vimn 64 [ ((p+ P v + (p+ P )y + {p < v})
+ ((P + p/),u”)’unuu’ + (P + p/)p")/un,uv’ + {Nl A V/}) ]
i
Vimh © —1g [mw ((p+ PNy + (P + P o)
+77/,L/V, ((P + p/),u’)/u + (P + Pl)y’m) } PL
i
Vf%h g(P + PI)(n,ul/n,u’u’ — Nu'Mw'v — nuu’nwj’) PL
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1. Calculation with Weyl fermions

Flat-space energy momentum T(‘(‘)l)'(x) contains an additional term

Qv I (— ,u<_1>/ i wy o PRA¢
Toy = —7\ ¥y 0" + (1 <> v) + L OadL

@ The explicit calculation gives
2 3i 1N T o T o
(TN = —ea 3" (040, 000 ] — 0,00 0], 020 )
o Covariantize the result
3i
Ly
(T 76872

@ Not the result we expect!
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1. Calculation with Weyl fermions

@ Check conservation of EMT, it is not zero

VI T (x))) # 0

@ Introduce counterterm
1 iz
C= —5 w hN Ao,
which cancels diff-anomaly and trace anomaly becomes

(TH)) = 7egm2 P J
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2. MAT gravity

@ Ispired by Bardeen’'s method for chiral gauge anomalies
@ Use Dirac field and avoid subtleties with Weyl fermions

@ In addition to ordinary gravity introduce axial metric =
metric-axial-tensor (MAT) gravity

Gp,l/ = 8uv + 75 f;w
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2. MAT gravity

o Vielbein: .
El =ei+7s¢,, El =&l + ~yscl
@ Connection:
Mo = TP 475l
@ Riemann:

le/\p - R(l)

(2
,uu)\p + 75Ruu)\p

@ The MAT spin connection is introduced in analogy

sz — E? (auéub 4 Eabrzu> _ QLl)ab i 75922)31)
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2. MAT gravity

@ The action
— [ = _ap 1 — [ =
S = /d4x ivy/ |G|y EL (au+ EQM> )= /d4x1/1 |G|OY
is invariant under diffeomorphisms with parameter =¥ = &# 4 ~5¢*

=Gy = D=, + D=,
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2. MAT gravity
@ The action
— [ = _ap 1 — [ =
S = /d4x1¢ |G|y2EF (au+ 5Qu> )= /d4x1/1 |G|OY
is invariant under diffeomorphisms with parameter =¥ = &# 4 ~5¢*

=Gy = D=, + D=,

@ There are two independent classically conserved EMT

—2¢ %b

3G

(_

75" = QE(SGWVW
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2. MAT gravity

@ There are two types of Weyl transformations: the usual
0w Gy = 2wGyy

and the axial one
577 G[,LV = 27577G/Ll/

@ Two trace conditions
T g + T £, =0,

T/“/qu + Téul/gﬂy = 0,
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2. MAT gravity

@ Expand the action
4. AP =18 1
S= [ d*xiy\/ |G|y EL au+§Qu P
_ 1
e We use redefinition 1) — |G|*% and expand around flat background

8uv = M + h/w, f;w = Kuv
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2. MAT gravity

@ Expand the action
4. AN =) 1
S= [ d*xiy\/ |G|y EL 8u+§Qu P
_ 1
e We use redefinition 1) — |G|*% and expand around flat background

8w = NMuv + by, fur = Ky

@ Vertices: The 2-fermion-1-graviton vertices:

vffh [(P +p )u’}/u + (P + p/)u'y,u]

7

OOI\-OOI

— [P+ P ) + (P + P )] s
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2. MAT gravity

@ There are six 2-fermion-2-graviton vertices:

Vit

Vimk

Vi

€
Vﬁhh

€
fokk

€
Vfﬂvk

Tamara Stemberga (PMF)

3i
& { ((P+ P Yo + (P+ P ) YoM + {p+ v})

+ ((P + p/),u”ﬁl«”]uu’ + (P + Pl)u’%ﬂ?uu' + {lu/ A4 V/}) :|
3i

o4 [ ((p+ P )y uw + (P4 P )y +{p > v})

+((p+ P ) vt + (P+ P mu + {0 ¢ v'}) }
3i

64 |: ((P + p’)u’Y,u/ Ny’ + (P + P,)u’Yu”?u;/ + {/”‘ Ans V})

+((p+ P vt + (p+ Py +{n < v'}) } Y5

1
67 ty,up/u’nk (k - k/)A’YH 5

1

I\A
67 t,u,u,u/u’m)\ (k —k ) ’YH 5
1 k k/ A K
67 ty.u,u,’u’/»i)\ ( - ) ol
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2. MAT gravity

o Flat space EMT
v T Pl
™=Too =7 (1#7“3 w+MHV) :
and
R N -
T5 = T5(070) = Z (Q[)’yg,’y 0 1,/} =+ W <= V)
@ The quantum Ward identities for the Weyl and axial Weyl symmetry
T)=(T"))guw + (T4 W =0

and
Ts(x) = <<TIW>>fMV + <<T#V>>guu =0
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2. MAT gravity

@ It turns out that only the 3-point correlators contribute

e Up to second order in the graviton field (lowest order)

({Ti)) =

384 S € (0,05 h, O\O- kS —

3,005, O\O krp)
(Tgw) = —2¢ 87T2 2 (9,00 hy, 0307 hG — 0,05 h7, 0107 hrp)
~2e 87r2 e (0,05 k}, 0207 kG — 0u0skl OxO° hyp)
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2. MAT gravity

@ Covariantize the results:

i v oT 2
(THC) = =z M RWTRE,

i

(T () = Jeze & (RWTRE)

2)or5(2)
e TRE)TTR )

ApoT
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2. MAT gravity

e Collapsing limit (for left-handed Weyl fermion)

h h
s B 2

@ The anomaly becomes
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2. MAT gravity

e Collapsing limit (for right-handed Weyl fermion)

h h

@ The anomaly becomes
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2. MAT gravity

Collapsing limit
h[j/l/ _> huy, kMV _> 0

@ The action reduces to the Dirac action (or to Majorana action if 9
satisfies reality condition)

@ The anomaly, as expected, vanishes
(Ti) =0
@ There is an anomaly in the axial sector (analog of

Kimura-Delbourgo-Salam anomaly for the axial current)

i

(Te.) = Zear2"
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Conclusion

@ Recalculated the parity odd trace anomaly in two ways:

» With Weyl fermions
» MAT gravity with Dirac fermions

P-odd part is given by Pontryagin density in 4d J

@ The usual opposing argument: "In 4d massless Weyl and Majorana
fermion are indistinguishable.”
» Classically, there is one-to-one correspondence between massless Weyl
and Majorana fermion
» We do not expect Pontryagin anomaly for Majorana fermion
» However, the path integral measure is different for Majorana and Weyl
fermion!
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Conclusion

@ Strange imaginary coefficient e = +
» Could break unitarity
» Theories with chiral unbalance not consistent
» Only Dirac and Majorana fermions!

@ Outlook:

» Schwinger-DeWitt method
> Calculation with different regularizations

i
76872
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