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• Consider possible geometry for "quantum gravity"

• Motivate by principles from GR and QM

• String Theory naturally lives in such geometry

Context



  

1. Motivation for "Born" Geometry

2. String Theory Actions

3. Double Field Theory

4. Born Geometry & DFT

5. Para-Hermitian Geometry

6. Generalizations, T-Duality, ...

Outline



 What is Born Geometry?



  

• Quantum Mechanics:

➡ Coordinate space and momentum space are on equal 
footing (can use    or    representation)

➡ Commutator                    invariant under Born reciprocity

• GR: curved spacetime - Born reciprocity requires curved 
momentum space

➡ Implications for quantum gravity? Doubled geometry?

Born Reciprocity
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• Born reciprocity realized on phase space      as  
complex structure 
 

• Classical Mechanics with phase space 

➡ Poisson bracket           symplectic structure   

• Defines a metric on curved phase space 

Born Geometry
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• Splitting of phase space into coordinate space and 
momentum space via real structure

• Defines another metric on phase space

Born Geometry
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The two metrics are not independent.



  

Doubled Space
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• Split the doubled space  

Doubled Space
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• Split the doubled space

• Born reciprocity 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• Split the doubled space

• Born reciprocity

• Structures:

➡ Symplectic form
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• Split the doubled space

• Born reciprocity

• Structures:

➡ Symplectic form

➡ Neutral metric
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• Split the doubled space

• Born reciprocity

• Structures:

➡ Symplectic form

➡ Neutral metric

➡ Dynamical metric
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<latexit sha1_base64="0zROiypIG5vnQWzXuLf1iDFrmxA="></latexit><latexit sha1_base64="sD2eKXEBZdkqVZQQbkitOPUr5+M="></latexit><latexit sha1_base64="sD2eKXEBZdkqVZQQbkitOPUr5+M="></latexit><latexit sha1_base64="2J0mJgJJ4uxcFztr+v1mPNtaUXw="></latexit>

xx

<latexit sha1_base64="grCKGhtNOE6xLo/2Ydrbrt7U1GQ="></latexit><latexit sha1_base64="ywwO9zAGobY+7gdum7Qm7RPMao8="></latexit><latexit sha1_base64="ywwO9zAGobY+7gdum7Qm7RPMao8="></latexit><latexit sha1_base64="sYmLL1oP0c2GpAiT0sgpq4L8UDE="></latexit>

px

<latexit sha1_base64="AVIghuuYK42+Nj2r/pp+Wj6rf14="></latexit><latexit sha1_base64="yvAw2KEu1GiwXb7/IQmF84xS1fw="></latexit><latexit sha1_base64="yvAw2KEu1GiwXb7/IQmF84xS1fw="></latexit><latexit sha1_base64="hEexkWphn4hHpwhyqe/wZzvX4V0="></latexit>

pp
<latexit sha1_base64="2mHpaxdZAkLZxWmWSwGnMUwMGnI="></latexit><latexit sha1_base64="pOEfVSg2mWg0/LmiZ3Ww8phS544="></latexit><latexit sha1_base64="pOEfVSg2mWg0/LmiZ3Ww8phS544="></latexit><latexit sha1_base64="8t0rlJeDcBIxXMTYIOyIKwza3BQ="></latexit>

!
px

= �!
xp

<latexit sha1_base64="hE6xeB4u7NR09L12rPLEgh8kRiI="></latexit><latexit sha1_base64="3+8UIU3g847Yn4TYdUfNv4AP7xQ="></latexit><latexit sha1_base64="3+8UIU3g847Yn4TYdUfNv4AP7xQ="></latexit><latexit sha1_base64="/rqOTRmSmkAvpy3kLE7CsRJUiXk="></latexit>

!
xx

= 0
<latexit sha1_base64="GcnKMG57O77oU0nKAHDzPOkHPQA="></latexit><latexit sha1_base64="bx2XGQeg84YFupbBULCxhYNQuuQ="></latexit><latexit sha1_base64="bx2XGQeg84YFupbBULCxhYNQuuQ="></latexit><latexit sha1_base64="GF6kVsL5lLiltqB8P+mWlPb9pJM="></latexit>

⌘
xx

= 0
<latexit sha1_base64="SOsUFcugtfTzlo7beXujXa86ECo="></latexit><latexit sha1_base64="DVnMyH13Y8SzPQhR8/o1GPNQzfA="></latexit><latexit sha1_base64="DVnMyH13Y8SzPQhR8/o1GPNQzfA="></latexit><latexit sha1_base64="zsOGEqph2Py4ivmhthzL/4CyIG0="></latexit>

⌘pp = 0
<latexit sha1_base64="RuMAzgi5DetbefQCFiTJQyW85TE="></latexit><latexit sha1_base64="pmHdU1/VVAgUGCqKNIeT0Xn9rMw="></latexit><latexit sha1_base64="pmHdU1/VVAgUGCqKNIeT0Xn9rMw="></latexit><latexit sha1_base64="hZZykOYk3kAUZwulALUcVa29U2w="></latexit>

!pp = 0
<latexit sha1_base64="0EXf0Yi4o2EnUkJH3ifzJ2pucnM="></latexit><latexit sha1_base64="Um2MrPruI1eRMZ9GXBRWqxazmls="></latexit><latexit sha1_base64="Um2MrPruI1eRMZ9GXBRWqxazmls="></latexit><latexit sha1_base64="PJA44Ll6jo+u9Lgpu5ftfMTo8VY="></latexit>

!
xp

= [ , ]
<latexit sha1_base64="emt/ICeM/4FCxcd1x6FSEvEXrzs="></latexit><latexit sha1_base64="j1hdjWkOaJdxLv94RgYZTfZfgWU="></latexit><latexit sha1_base64="j1hdjWkOaJdxLv94RgYZTfZfgWU="></latexit><latexit sha1_base64="UxAk5y4y4CTkhtVkSIQeZbynB6E="></latexit>

⌘
xp

= 1
<latexit sha1_base64="KMxhVJSWDsan1nt2rrc7lfrIqis="></latexit><latexit sha1_base64="T1xtiR4KstokUxwBccjLzjTmFN4="></latexit><latexit sha1_base64="T1xtiR4KstokUxwBccjLzjTmFN4="></latexit><latexit sha1_base64="GvMtPL7Mj0BFUBzuHYDGHtreyQo="></latexit>

H
xx

= g
<latexit sha1_base64="i9koEDd6WxeDaqA2DNMBo9T3oUY="></latexit><latexit sha1_base64="8ZIHW3uHJC24EoETlEQ5w3OXktw="></latexit><latexit sha1_base64="8ZIHW3uHJC24EoETlEQ5w3OXktw="></latexit><latexit sha1_base64="iG/VQNIgaCpirb+2rXI2V9zPIOo="></latexit>

Hpp = g�1
<latexit sha1_base64="ksyggqjkB9rTxJ6LMyoQxgGTIzc="></latexit><latexit sha1_base64="yOOjxHncxTTe6S69onqG2GhHGDc="></latexit><latexit sha1_base64="yOOjxHncxTTe6S69onqG2GhHGDc="></latexit><latexit sha1_base64="bHXQOiFigmM4JpVsjvcQpWmAoyA="></latexit>

H
xp

= 0
<latexit sha1_base64="iiMdYeqrl3pCmZLqdu9pNUgL2QM="></latexit><latexit sha1_base64="wFXN8tMJ5OoGGUch9Th8BcK+inI="></latexit><latexit sha1_base64="wFXN8tMJ5OoGGUch9Th8BcK+inI="></latexit><latexit sha1_base64="mZkGpCXufDDgx7gCsmerwI4M0aw="></latexit>

!
<latexit sha1_base64="/0k0u4kSonNkfQTBhrvVxRjI1wQ="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="hBwrz2EafEN5JqvlTa0g4wzHxvU="></latexit>

⌘
<latexit sha1_base64="HgHgEvlWJViFqWbQwJuk4verR/4="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="+FEWKwCHO95KcYuwAvmJFnBudwM="></latexit>

H
<latexit sha1_base64="An25SyO48AcwuBcdwoHue/+kAwM="></latexit><latexit sha1_base64="bHYWWtnTVgsRDtyt0Io9aOiz98E="></latexit><latexit sha1_base64="bHYWWtnTVgsRDtyt0Io9aOiz98E="></latexit><latexit sha1_base64="D6C6ENh4hhL2IQjbVElcRBX0ZtQ="></latexit>

H
px

= 0
<latexit sha1_base64="TRM+bJ/4MaAKNeThL+6QZPA/NSc="></latexit><latexit sha1_base64="LfW91QQZi6Ris4txw10xLZwVRsY="></latexit><latexit sha1_base64="LfW91QQZi6Ris4txw10xLZwVRsY="></latexit><latexit sha1_base64="TOK9uUbDfsuIgV3Qqd2mhwt9QMQ="></latexit>

example of basic setup

⌘
px

= 1



  

Born Geometry

classical mechanics 
(symplectic structure)

quantum mechanics 
(complex structure)

general relativity 
(real structure)

Born Geometry
(P; ⌘,!,H)

combines geometrical structures

[Freidel, Minic, Leigh '14]



  

Born Geometry

classical mechanics 
(symplectic structure)

quantum mechanics 
(complex structure)

general relativity 
(real structure)

Born Geometry
(P; ⌘,!,H)

Provides potential 
curved phase space for 

Quantum Gravity

combines geometrical structures

[Freidel, Minic, Leigh '14]



  
Our goal is to show that 

these concepts can be found in string theory.



 String Theory Actions



  

• Map from domain      to target space manifold

• Coordinates on     :             (worldline, worldsheet, ...)

• Coordinates on      : 

Sigma Models

⌃
<latexit sha1_base64="jJxmHZBzyG6bRXM1fjLY2ByhXTs="></latexit><latexit sha1_base64="YD9aShmg0NvwGXj2wipLBXLcJBk="></latexit><latexit sha1_base64="YD9aShmg0NvwGXj2wipLBXLcJBk="></latexit><latexit sha1_base64="SsG/Wb8CPebKLC0oqyXqnZ9pENA="></latexit>

T
<latexit sha1_base64="9/Zbd1FwtybELioajH9FLIVbSBs="></latexit><latexit sha1_base64="ifw1FM6lpoaSaZja/F8DTrsMqbg="></latexit><latexit sha1_base64="ifw1FM6lpoaSaZja/F8DTrsMqbg="></latexit><latexit sha1_base64="5SvwM0PWV3d4jMkOKr4F8hwnbhw="></latexit>

x

µ : ⌃ ! T
<latexit sha1_base64="QYJwkqIhU1tUsHCwGN3aP3J0BMI="></latexit><latexit sha1_base64="ZQc4OLkjRWZ2CADOD8b2vqeeseU="></latexit><latexit sha1_base64="ZQc4OLkjRWZ2CADOD8b2vqeeseU="></latexit><latexit sha1_base64="25uk0hPy2rhE+DXrOZAAN4trpM0="></latexit>

�

↵ 7! x

µ(�)
<latexit sha1_base64="S0sdTWvSUMvm+coBJhlhUGKyu6A="></latexit><latexit sha1_base64="hBXMojmAyBefZLMDD2dgCEf1AVI="></latexit><latexit sha1_base64="hBXMojmAyBefZLMDD2dgCEf1AVI="></latexit><latexit sha1_base64="2cRAbvP1dLtv/eipTerxYsmV6NI="></latexit>

⌃
<latexit sha1_base64="jJxmHZBzyG6bRXM1fjLY2ByhXTs="></latexit><latexit sha1_base64="YD9aShmg0NvwGXj2wipLBXLcJBk="></latexit><latexit sha1_base64="YD9aShmg0NvwGXj2wipLBXLcJBk="></latexit><latexit sha1_base64="SsG/Wb8CPebKLC0oqyXqnZ9pENA="></latexit>

T
<latexit sha1_base64="9/Zbd1FwtybELioajH9FLIVbSBs="></latexit><latexit sha1_base64="ifw1FM6lpoaSaZja/F8DTrsMqbg="></latexit><latexit sha1_base64="ifw1FM6lpoaSaZja/F8DTrsMqbg="></latexit><latexit sha1_base64="5SvwM0PWV3d4jMkOKr4F8hwnbhw="></latexit>

�↵
<latexit sha1_base64="VIXO3qG1NGqHtCdIqrORZfsvKSQ="></latexit><latexit sha1_base64="eb1RpZvIh/cJ3iTle3FX8pydd1Y="></latexit><latexit sha1_base64="eb1RpZvIh/cJ3iTle3FX8pydd1Y="></latexit><latexit sha1_base64="TXiTZ2D871vkoVXG480/GRYYyMc="></latexit>

x

µ(�)
<latexit sha1_base64="+Iz1lij8jxF2PoO8NgzOz8dUhiE="></latexit><latexit sha1_base64="W8eMe/CikZYbRCxVz3XOlDU7seE="></latexit><latexit sha1_base64="W8eMe/CikZYbRCxVz3XOlDU7seE="></latexit><latexit sha1_base64="xn/5lrSqrMoH+Z/1i/7eUEkrmYk="></latexit>



  

• String action - worldsheet 

➡ For now only consider background metric

➡ Scalar fields               on string world sheet

String Theory

S =

Z
d⌧d� gµ⌫(x)@

↵
x

µ
@↵x

⌫

<latexit sha1_base64="Aor1kdEGnD6X2zGZRrZXfjbjaJk="></latexit><latexit sha1_base64="K59uS8IV88p0Pf1TAbJgk2ypWZM="></latexit><latexit sha1_base64="K59uS8IV88p0Pf1TAbJgk2ypWZM="></latexit><latexit sha1_base64="6WO1rZwedDa0S62xZuX+AYbTnFg="></latexit>

gµ⌫
<latexit sha1_base64="JKDiYr/MQJ9bdJvlf7aewbCUxGI="></latexit><latexit sha1_base64="bmx4oGnrA6EHeS3bg7BlKEZGOdM="></latexit><latexit sha1_base64="bmx4oGnrA6EHeS3bg7BlKEZGOdM="></latexit><latexit sha1_base64="B441wQ7q1OtCnJ9GkEStAbpj20A="></latexit>

x

µ(⌧,�)
<latexit sha1_base64="NuiDpCEKw7yi71XozclKFy6Kgpc="></latexit><latexit sha1_base64="qTLjqSKeEFVjmjIxqdiifvR5bOM="></latexit><latexit sha1_base64="qTLjqSKeEFVjmjIxqdiifvR5bOM="></latexit><latexit sha1_base64="ues1/HIfW6TmbZ8K2EBnHTVZG/A="></latexit>

�↵ = (⌧,�)
<latexit sha1_base64="Q/OnwHMYp0xRACrHdSw6iyUfAT4="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="nyXPSmJErJHwA8gGkpG28jpAh1o="></latexit><latexit sha1_base64="LxEs3dncONTI4HG0p9Iyzi3hi24="></latexit><latexit sha1_base64="LxEs3dncONTI4HG0p9Iyzi3hi24="></latexit><latexit sha1_base64="M0IdVVT1UuUcv6pPVdArCE1R/dU="></latexit><latexit sha1_base64="M0IdVVT1UuUcv6pPVdArCE1R/dU="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="iVqI8z78MsRrCNd8raimaMMZRpU="></latexit><latexit sha1_base64="M0IdVVT1UuUcv6pPVdArCE1R/dU="></latexit>



  

• Quantum consistency (1-loop):

• These equations can be reproduced by (with            )

• Scalar fields have become coordinates of target space

• Low energy effective action of string theory  
          Supergravity

Effective Action

� = 0
<latexit sha1_base64="A+WL/XVXOtdaQLBu6Ds858tDms0="></latexit><latexit sha1_base64="vcO3s8bIPcBtra0W8EcSFuzoXic="></latexit><latexit sha1_base64="vcO3s8bIPcBtra0W8EcSFuzoXic="></latexit><latexit sha1_base64="YTaDXT0WOwXR/O/uXwanUIiGr7g="></latexit>

Weyl anomaly 
cancellation!

Se↵ [g(x)] =

Z
ddx

p
g R[g]

<latexit sha1_base64="KW2JUH81mfo52On/kcucDZgxML4="></latexit><latexit sha1_base64="miRtBOr9XgxWYhAswCvkERa0s/U="></latexit><latexit sha1_base64="miRtBOr9XgxWYhAswCvkERa0s/U="></latexit><latexit sha1_base64="8u4muLVmQIx0OG7yya/OIS2SJBU="></latexit>

d = 10
<latexit sha1_base64="oGEL4hLU8hrhl3QdSesZMDwhy1o="></latexit><latexit sha1_base64="Bxz7W3EPHEcd3R9qjI8vrThUvKA="></latexit><latexit sha1_base64="Bxz7W3EPHEcd3R9qjI8vrThUvKA="></latexit><latexit sha1_base64="7bcMh76JHkziTDyo5dJSO8zyMQk="></latexit>



  

• String action Lagrangian and Hamiltonian

➡ where 

• Global              symmetry of the Hamiltonian

➡ NOT a manifest symmetry of the Lagrangian!

Global Symmetry

O(d, d)
<latexit sha1_base64="9hCNUKh4Bca4MoMIm7qFEPTS02s="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="y0yOOSQZgMNY+xBRbdfxJnFQ9xs="></latexit>

Z =

✓
x

0

p

◆

<latexit sha1_base64="fxEibAi4quTBgu7ODkYS1/S8Gkc="></latexit><latexit sha1_base64="omP8kjYlO1YDmywAssZo9InM9Hs="></latexit><latexit sha1_base64="omP8kjYlO1YDmywAssZo9InM9Hs="></latexit><latexit sha1_base64="Hs3qGjY3BGB9lE86Pxy3BpPsM8M="></latexit>

H(x, p) = ẋ · p� L =
1

2
HMNZMZN

<latexit sha1_base64="vxskv3HhhvMup4SqUPx3vpXbfH8="></latexit><latexit sha1_base64="YzmgZfp186PLUHPVUnkERpf36aE="></latexit><latexit sha1_base64="YzmgZfp186PLUHPVUnkERpf36aE="></latexit><latexit sha1_base64="Kjz03zPjmagnNl5nWxpSYzq2X/Q="></latexit>



  

• Can find Lagrangian with same symmetry as Hamiltonian 

➡             invariant string action

➡ Not Lorentz invariant - impose as constraint

Doubled String Action

O(d, d)
<latexit sha1_base64="9hCNUKh4Bca4MoMIm7qFEPTS02s="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="y0yOOSQZgMNY+xBRbdfxJnFQ9xs="></latexit>

Classically 
equivalent

L ! L+ d⌦
<latexit sha1_base64="EYZx3Z1OprUGLp9GJF8W/SinFeM="></latexit><latexit sha1_base64="O7fWkDUEW/G8uMovB8+NNVKnkDc="></latexit><latexit sha1_base64="O7fWkDUEW/G8uMovB8+NNVKnkDc="></latexit><latexit sha1_base64="Rwz9SsDQbUsi9kr/Cbg/KgHub/s="></latexit>

[Tseytlin '90]S
doubled

[g(X)] =

Z
d⌧d�L

doubled

<latexit sha1_base64="degoU3mqts9hMdlc2cuRwH6OpwA="></latexit><latexit sha1_base64="9WzHz47k7A9x/sFFg3a3HzM464Q="></latexit><latexit sha1_base64="9WzHz47k7A9x/sFFg3a3HzM464Q="></latexit><latexit sha1_base64="y0DdI/2XGMPY3IKeqkUSMES/NUA="></latexit>



  

• Quantum consistency (1-loop):

• Get low energy effective action for background fields

• Doubled coordinates: 

➡ with dual coordinate defined via 

• Lorentz constraint removes dependence on half the coords.

Effective Action

This is  
Double Field Theory

� = 0
<latexit sha1_base64="A+WL/XVXOtdaQLBu6Ds858tDms0="></latexit><latexit sha1_base64="vcO3s8bIPcBtra0W8EcSFuzoXic="></latexit><latexit sha1_base64="vcO3s8bIPcBtra0W8EcSFuzoXic="></latexit><latexit sha1_base64="YTaDXT0WOwXR/O/uXwanUIiGr7g="></latexit>

X =

✓
x

x̃

◆

<latexit sha1_base64="xnS0E0tzcy1rF9Kjw4YqhQJVcuA="></latexit><latexit sha1_base64="ymy0EbrSs5qXqXhZ9axDKbYbWfU="></latexit><latexit sha1_base64="ymy0EbrSs5qXqXhZ9axDKbYbWfU="></latexit><latexit sha1_base64="dg0WfSlwoHe4PVHiBL77gCVOJY8="></latexit>

x̃

0 = p

<latexit sha1_base64="qNt8QMVsi19aBq139x7DvCvf6IM="></latexit><latexit sha1_base64="49QpDQWhcg1vMYSbhBP4hyZ9/lM="></latexit><latexit sha1_base64="49QpDQWhcg1vMYSbhBP4hyZ9/lM="></latexit><latexit sha1_base64="pe2zZRD5/3zL1aORyr+Rsk09DbU="></latexit>

Se↵ [g(X)] =

Z
d2dX L[g]

<latexit sha1_base64="nI26VlT8KJmeUsICEiKLwJ/ItzE="></latexit><latexit sha1_base64="QNagRwsCA03ICtsf0oU4NCudgRQ="></latexit><latexit sha1_base64="QNagRwsCA03ICtsf0oU4NCudgRQ="></latexit><latexit sha1_base64="BFD9QaDyisMD7AG8AqdtVqXZToU="></latexit>

[Berman, Copland, Thompson '08; 
Copland '11]



  

Need the doubled formulation of the string to 
have manifest               symmetry. 

The effective theory is DFT. 

What does this doubled  
target space geometry look like?

O(d, d)
<latexit sha1_base64="9hCNUKh4Bca4MoMIm7qFEPTS02s="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="y0yOOSQZgMNY+xBRbdfxJnFQ9xs="></latexit>



 Double Field Theory



  

• Formulated on a doubled space 

• Unification of background fields in target space

• Unification of local symmetries (diffeos & gauge trafos)

➡ Closure of symmetry algebra gives constraint

• Manifest global              symmetry of the effective action

Double Field Theory

X =

✓
x

x̃

◆

<latexit sha1_base64="xnS0E0tzcy1rF9Kjw4YqhQJVcuA="></latexit><latexit sha1_base64="ymy0EbrSs5qXqXhZ9axDKbYbWfU="></latexit><latexit sha1_base64="ymy0EbrSs5qXqXhZ9axDKbYbWfU="></latexit><latexit sha1_base64="dg0WfSlwoHe4PVHiBL77gCVOJY8="></latexit>

O(d, d)
<latexit sha1_base64="9hCNUKh4Bca4MoMIm7qFEPTS02s="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="y0yOOSQZgMNY+xBRbdfxJnFQ9xs="></latexit>

H =

✓
g �Bg�1B Bg�1

�g�1B g�1

◆

<latexit sha1_base64="HD/QUqNwBt8vVO4KkozlmmFT+7s="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="xboVnsZEKHpaZ08aIAs9LLdhYHw="></latexit><latexit sha1_base64="r06KRiNaV6U3wBRPLGKNxpG29JA="></latexit><latexit sha1_base64="r06KRiNaV6U3wBRPLGKNxpG29JA="></latexit><latexit sha1_base64="3bn0Dd8ToAhQxMFiJmcyGThXxIM="></latexit><latexit sha1_base64="3bn0Dd8ToAhQxMFiJmcyGThXxIM="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="+mlBoFBDqWiW1OjoMcj2RZvGlNY="></latexit><latexit sha1_base64="3bn0Dd8ToAhQxMFiJmcyGThXxIM="></latexit>

[Siegel '93; Hull & Zwiebach '09 ]



  

• Doubled Target Space

DFT Action

Generalized 
Ricci scalar

SDFT =

Z
d2dXe�2� R(H,�)
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• Doubled Target Space

• Reduction to Supergravity

➡ Impose constraint as 

➡ Integrate over dual coordinates

DFT Action

Generalized 
Ricci scalar

@̃ = 0

SDFT =

Z
d2dXe�2� R(H,�)

<latexit sha1_base64="RympjUE+fIf9itPZVFz22GYsU8w="></latexit><latexit sha1_base64="TjpVMud33zr/BrYL6KWWwu4z8C4="></latexit><latexit sha1_base64="TjpVMud33zr/BrYL6KWWwu4z8C4="></latexit><latexit sha1_base64="7DRK1eS/Gij7Gfk2wcxqsl0wo/w="></latexit>

SSUGRA =

Z
ddx

p
ge�2�

h
R(g)� 1

12
H2 + 4(@�)2

i
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H = dB
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 Born Geometry & DFT



  
String action containing all three structures

➡ Added symplectic form to ordinary worldsheet action

➡ Global             symmetry manifest

➡ Interpret target space as Born geometry

Doubled String Action

[Tseytlin '90; Giveon, Rocek '91; Hull '06]

includes 
topological term 

S
doubled

=
1

2

Z
d⌧d�

⇥
(⌘MN + !MN )@⌧X

M@�X
N �HMN@�X

M@�X
N
⇤
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O(d, d)
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• Born geometry:

➡ Coordinate space and momentum space are on equal 
footing

➡ Motivated by quantum gravity - potentially curved phase 
space

• Double Field Theory: 

➡ Effective theory for the doubled string

➡ Makes symmetries of string Hamiltonian manifest in the 
target space

Born Geometry & DFT



  

• What have we achieved:

➡ All ingredients of Born geometry                are present in the 
doubled string worldsheet formulation

➡ Clarification of relations between DFT and generalized 
geometry

• What do we want to achieve:

➡ Make relation between Born geometry of target space and 
doubled string worldsheet formulation concrete

➡ Generalize kinematics & dynamics of DFT

Born Geometry & DFT

(⌘,!,H)
<latexit sha1_base64="0xYsyVY8iloM8FCCESH8u9lFvX0="></latexit><latexit sha1_base64="5B8oi8F1ZyMZ/NH2G0Q7Nsx6Ixg="></latexit><latexit sha1_base64="5B8oi8F1ZyMZ/NH2G0Q7Nsx6Ixg="></latexit><latexit sha1_base64="6OUuDWRb0H0uYekm/D74mz7gIIk="></latexit>

[Freidel, FJR, Svoboda ’17]



 Para-Hermitian Geometry



  

• 2d-dimensional para-complex manifold

• Para-complex structure

• Eigenbundles (of equal rank)

• Splitting of tangent space

• Integrability of      and      is independent

Para-Complex Manifold

K : TP = L� L̃

K2 = +1
<latexit sha1_base64="1YcaoDni1nM25a4eDOHsuQ1EW20="></latexit><latexit sha1_base64="RBRQFogGDoObHptWNLi5j2ImVxM="></latexit><latexit sha1_base64="RBRQFogGDoObHptWNLi5j2ImVxM="></latexit><latexit sha1_base64="Z2ymP2C7vqYeSBgXVDXVvtBdZI0="></latexit>

K
���
L
= +1 K

���
L̃
= �1
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(P,K)
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L
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L̃
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P, P̃ =
1

2
(1 ±K)



  

• Include pseudo-Riemannian metric 

• Skew-orthogonality:

• Split signature            since eigenbundles have same rank

• Fundamental form                 (almost symplectic)

• Eigenbundles       and       are isotropic w.r.t       and  

Para-Hermitian Manifold

⌘
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KT⌘K = �⌘
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(d, d)
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! = ⌘K
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L
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L̃
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⌘
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• Differentiable structure (if      integrable): 

• Bracket operation           on         

➡ Generalizes the Lie bracket 

➡ Compatible with metric, normalized

• Leads to generalized torsion

• Eigenbundles       and       are Dirac structures  

D-structure

TP
<latexit sha1_base64="1BsHYE4IdKZy2PLUESORSOv+wzY="></latexit><latexit sha1_base64="EYdxqjmmK33GSCBe9/KUYbedkUM="></latexit><latexit sha1_base64="EYdxqjmmK33GSCBe9/KUYbedkUM="></latexit><latexit sha1_base64="bA6c62f+U0viH9YRgI9/MIz2yk8="></latexit>

[[ , ]]
<latexit sha1_base64="Zh5yB8wEN7MeH35wGB2OeElVut0="></latexit><latexit sha1_base64="31ssUfZriv8GleqIK66eO16B55M="></latexit><latexit sha1_base64="31ssUfZriv8GleqIK66eO16B55M="></latexit><latexit sha1_base64="7mBKE75RtZIrU2qwdKd0kNyDGII="></latexit>

[ , ]
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[Freidel, FJR, Svoboda (to appear)]

(P, ⌘,K, [[ , ]])
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D-bracket



  

• On para-Hermitian manifold

➡ Levi-Civita connection     of

➡ Define the Canonical Connection 

➡ Preserves the eigenbundles since

Canonical Connection

r̊
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<latexit sha1_base64="FsjJYj5MLV3YDDDG2LyrSxInjsY="></latexit><latexit sha1_base64="EGUvzjSXijOOiZmcgZYf+okDro4="></latexit><latexit sha1_base64="EGUvzjSXijOOiZmcgZYf+okDro4="></latexit><latexit sha1_base64="ApyR93t+Az9Joa2qQb8FETol00M="></latexit>

rc⌘ = rc! = 0
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[Freidel, FJR, Svoboda ’17]



  

• Unique D-bracket           Canonical D-bracket

• "Canonical" since projection of the Lie bracket

Canonical D-bracket

⌘([[X,Y ]], Z) = ⌘(rc
XY �rc

Y X,Z) + ⌘(rc
ZX,Y )
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• Unique D-bracket           Canonical D-bracket

• "Canonical" since projection of the Lie bracket

Canonical D-bracket

⌘([[X,Y ]], Z) = ⌘(rc
XY �rc

Y X,Z) + ⌘(rc
ZX,Y )
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Naturally related to 
Dorfman bracket in generalized 

geometry



  

• Ordinary torsion

➡ Difference between brackets 

• Generalized torsion

➡ Defined in terms of the canonical D-bracket

Generalized Torsion

Tr(X,Y ) = rXY �rY X � [X,Y ]
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• Include another metric 

➡ Chiral structure 

Born Geometry

H
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<latexit sha1_base64="ZG1YwOkwsOnXACTzSc3oBp7zVx8="></latexit><latexit sha1_base64="6e+2EcFvoBMg+sRlst0/88n8738="></latexit><latexit sha1_base64="6e+2EcFvoBMg+sRlst0/88n8738="></latexit><latexit sha1_base64="wRYjG4sDdqvIEUOYk/6U+M9tQBg="></latexit>

J2 = +1
<latexit sha1_base64="GyBN403L7SjMR8C9Q52k0lX3Xps="></latexit><latexit sha1_base64="2NWn9nvkW1OfxUrfII/DD5HWuRA="></latexit><latexit sha1_base64="2NWn9nvkW1OfxUrfII/DD5HWuRA="></latexit><latexit sha1_base64="jkDTZKxMVevkLJ69HlH76L1ndq0="></latexit>



  

• Include another metric 

➡ Chiral structure 

• All three structures together give Born geometry

➡ Neutral metric

➡ Symplectic form

➡ Dynamical metric

• All three structures are compatible

Born Geometry

H
<latexit sha1_base64="hty2hL/3StkrRL+8bEnNM3o4+rw="></latexit><latexit sha1_base64="k0W10VXR0WvAKKahTMPuUUO6C84="></latexit><latexit sha1_base64="k0W10VXR0WvAKKahTMPuUUO6C84="></latexit><latexit sha1_base64="URWyu5enuRxV4uQp88i5Ct9rNC0="></latexit>

(P; ⌘,!,H)

}
<latexit sha1_base64="kF4caoIEBlfo15zLGiYVJBdUWw4="></latexit><latexit sha1_base64="IN3RwF8PTh8JeiuOV5vOXfN6+1E="></latexit><latexit sha1_base64="IN3RwF8PTh8JeiuOV5vOXfN6+1E="></latexit><latexit sha1_base64="a5hrV9+a7zXlAT8dvLXoEnwDkgc="></latexit>

}
<latexit sha1_base64="kF4caoIEBlfo15zLGiYVJBdUWw4="></latexit><latexit sha1_base64="IN3RwF8PTh8JeiuOV5vOXfN6+1E="></latexit><latexit sha1_base64="IN3RwF8PTh8JeiuOV5vOXfN6+1E="></latexit><latexit sha1_base64="a5hrV9+a7zXlAT8dvLXoEnwDkgc="></latexit>

J = ⌘�1H
K = ⌘�1!

<latexit sha1_base64="bj24EitMZNYnFUbuNzkkCnU6oHU="></latexit><latexit sha1_base64="K4Jf653MbGpS7ZOqlUa0vmeVvK8="></latexit><latexit sha1_base64="K4Jf653MbGpS7ZOqlUa0vmeVvK8="></latexit><latexit sha1_base64="tF7/Bc2tykpH+NwdmKOOUSopttQ="></latexit>

I = H�1!
<latexit sha1_base64="8qDlUfCOBWQ5MpXCN5eTgUbFcJA="></latexit><latexit sha1_base64="yzKlqpydaj5/jvLUW7v5cb/h1TU="></latexit><latexit sha1_base64="yzKlqpydaj5/jvLUW7v5cb/h1TU="></latexit><latexit sha1_base64="J0odt1+d+kVK+xEPeUBqu6qJa/Q="></latexit>

J = ⌘�1H
<latexit sha1_base64="ZG1YwOkwsOnXACTzSc3oBp7zVx8="></latexit><latexit sha1_base64="6e+2EcFvoBMg+sRlst0/88n8738="></latexit><latexit sha1_base64="6e+2EcFvoBMg+sRlst0/88n8738="></latexit><latexit sha1_base64="wRYjG4sDdqvIEUOYk/6U+M9tQBg="></latexit>

J2 = +1
<latexit sha1_base64="GyBN403L7SjMR8C9Q52k0lX3Xps="></latexit><latexit sha1_base64="2NWn9nvkW1OfxUrfII/DD5HWuRA="></latexit><latexit sha1_base64="2NWn9nvkW1OfxUrfII/DD5HWuRA="></latexit><latexit sha1_base64="jkDTZKxMVevkLJ69HlH76L1ndq0="></latexit>

H
<latexit sha1_base64="hty2hL/3StkrRL+8bEnNM3o4+rw="></latexit><latexit sha1_base64="k0W10VXR0WvAKKahTMPuUUO6C84="></latexit><latexit sha1_base64="k0W10VXR0WvAKKahTMPuUUO6C84="></latexit><latexit sha1_base64="URWyu5enuRxV4uQp88i5Ct9rNC0="></latexit>

⌘
<latexit sha1_base64="HgHgEvlWJViFqWbQwJuk4verR/4="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="+FEWKwCHO95KcYuwAvmJFnBudwM="></latexit>

!
<latexit sha1_base64="/0k0u4kSonNkfQTBhrvVxRjI1wQ="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="hBwrz2EafEN5JqvlTa0g4wzHxvU="></latexit>



  

Para-Quaternionic Manifold

   All mutually anti-commute: 

Born Geometry 

(P; ⌘,!,H)

para-Quaternions 

(I, J,K)

I = JK = �KJ

J = IK = �KI

K = JI = �IJ
IJK = �1

<latexit sha1_base64="2qQbi3Gz0xv2IeX2bB6q8NvBOVc="></latexit><latexit sha1_base64="OIF/OLiTjytgLyrcGdNt/2dXKcQ="></latexit><latexit sha1_base64="OIF/OLiTjytgLyrcGdNt/2dXKcQ="></latexit><latexit sha1_base64="nI2ktqpLTmt7wQoqK56Matfe3rY="></latexit>



  

• Connection compatible with Born geometry

• Vanishing generalized torsion

Born Connection [Freidel, FJR, Svoboda (to appear)]

rB⌘ = rB! = rBH = 0
<latexit sha1_base64="f3g8KtfIRbtGaOlarTmbEdf8/EM="></latexit><latexit sha1_base64="ifa+qhzR/+ZRBBHF1bKmCNH1V2M="></latexit><latexit sha1_base64="ifa+qhzR/+ZRBBHF1bKmCNH1V2M="></latexit><latexit sha1_base64="fsTYyamWupQ8/Ki3L624ZWt0ggU="></latexit>

T rB

= 0
<latexit sha1_base64="w82aZcvNEkB/uFOYSV8TCs0MB/w="></latexit><latexit sha1_base64="G6T5iHM22FY5SL7m/+rjwmg1mjY="></latexit><latexit sha1_base64="G6T5iHM22FY5SL7m/+rjwmg1mjY="></latexit><latexit sha1_base64="jDMgWT22B8W/k4PKzP6kmbME9MQ="></latexit>

The Born connection exists and is unique! 

(Like Levi-Civita connection for Riemannian geometry.)



  

• Lagrangian subspaces

• Chiral subspaces

Born Connection

rB
XY = [[X�, Y+]]+ + [[X+, Y�]]�

+ (K[[X+,KY+]])+ + (K([[X�,KY�]])�
<latexit sha1_base64="fxoLMx6+oY7AIM7CmyQHRecuq5g="></latexit><latexit sha1_base64="fxoLMx6+oY7AIM7CmyQHRecuq5g="></latexit><latexit sha1_base64="fxoLMx6+oY7AIM7CmyQHRecuq5g="></latexit><latexit sha1_base64="fxoLMx6+oY7AIM7CmyQHRecuq5g="></latexit>

J : TP = C+ � C�
<latexit sha1_base64="ycPL3E61k2N/EQ7jkyHhE+2OMbw="></latexit><latexit sha1_base64="ObTC+8zsnZa2DoA0TWacyMWZJ/E="></latexit><latexit sha1_base64="ObTC+8zsnZa2DoA0TWacyMWZJ/E="></latexit><latexit sha1_base64="l8K8eY7HolaV0e6MwgSPYwBkOFg="></latexit>

P± =
1

2
(1 ± J)

<latexit sha1_base64="PbprerPoyk2kpwJbGJX/HdXHIL4="></latexit><latexit sha1_base64="OWVpak3hz+8533bHGNe7Wwl8OyQ="></latexit><latexit sha1_base64="OWVpak3hz+8533bHGNe7Wwl8OyQ="></latexit><latexit sha1_base64="IEUtGsPCeCsOE3UdDitxNAr042k="></latexit>

X± = P±(X)
<latexit sha1_base64="rXhebsWrcCwLuJJESfezOvPW57A="></latexit><latexit sha1_base64="4ZWPsYm4vEOFSOW2qHZD7C01UtQ="></latexit><latexit sha1_base64="4ZWPsYm4vEOFSOW2qHZD7C01UtQ="></latexit><latexit sha1_base64="8UpNDd1ZHxxdzWMoCdwMU7ftvpU="></latexit>

K : TP = L� L̃



 
Generalized Kinematics & 

Dynamics for DFT



  

• Generalization of geometry suitable for strings in a 
doubled space

• Kinematical structure encoded in

➡Neutral metric  

➡ Symplectic form 

• Dynamical d.o.f. in generalized metric 

Generalization

⌘ 2 O(d, d)

! 2 Sp(2d)

(⌘,!)

H(g,B)



  

• DFT is limit of Born geometry

• Right setup to allow for general     and

• Accommodate:

➡ Geometric and non-geometric fluxes

➡ Non-commutativity, non-associativity, non-geometry, ...

Generalizations for DFT

⌘
<latexit sha1_base64="HgHgEvlWJViFqWbQwJuk4verR/4="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="+FEWKwCHO95KcYuwAvmJFnBudwM="></latexit>

!
<latexit sha1_base64="/0k0u4kSonNkfQTBhrvVxRjI1wQ="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="hBwrz2EafEN5JqvlTa0g4wzHxvU="></latexit>



 T-Duality



  

• What is T-duality?

➡ Sigma model with two sets of fields       and 

➡ Integrate out one or the other

➡ Get T-duality related actions

• Canonical transformation on phase space

➡ No need for compact dimensions or isometries

T-Duality

x

µ
<latexit sha1_base64="CBZWc4Fk8P5SOP+lL8FCSCWzaMk="></latexit><latexit sha1_base64="DAWWWnhIn17q4MVi0iIdA+7iIV0="></latexit><latexit sha1_base64="DAWWWnhIn17q4MVi0iIdA+7iIV0="></latexit><latexit sha1_base64="65cvJoCtfAbYymqTveWuNYBXUbw="></latexit>

x̃µ
<latexit sha1_base64="ikFyOGqjW3W5QfCrX59MwdFoPmk="></latexit><latexit sha1_base64="xnQZmNgst/IhtOfZ+GvFd4ISQnE="></latexit><latexit sha1_base64="xnQZmNgst/IhtOfZ+GvFd4ISQnE="></latexit><latexit sha1_base64="lwKw/VmZ25ovVcNBGpZxphWTOj8="></latexit>

x̃

0 = p = ẋ

<latexit sha1_base64="DtT5Oou5tUxfQU57qk3mzd/tboc="></latexit><latexit sha1_base64="3O7a1UaiZbIcaA8mOi0m1as5vTI="></latexit><latexit sha1_base64="3O7a1UaiZbIcaA8mOi0m1as5vTI="></latexit><latexit sha1_base64="FCu7hR4RqYKbrkeWXJkMlvgAjZ0="></latexit>

x

0 = w = ˙̃
x

<latexit sha1_base64="M8UukNv0XdLM1pASO2Ap0zKuHpE="></latexit><latexit sha1_base64="J1yQBlwmk3G2UoPrlVKovoHvjXg="></latexit><latexit sha1_base64="J1yQBlwmk3G2UoPrlVKovoHvjXg="></latexit><latexit sha1_base64="0OvWSprxqHwe59jvC8DGMfAok/4="></latexit>



  

• Worldsheet symmetry (exchanges     and    )

• Target space symmetry

• Doubled string actions with manifest symmetry

T-Duality

�
<latexit sha1_base64="f3LwwnWOX5akAg00fQG31vzb+Oo="></latexit><latexit sha1_base64="lZv4/aJ7BCckVQ7cfE7iscfcWXQ="></latexit><latexit sha1_base64="lZv4/aJ7BCckVQ7cfE7iscfcWXQ="></latexit><latexit sha1_base64="ngLqvX9irP/h6W8eYqGtNcC4IvU="></latexit>

⌧
<latexit sha1_base64="yAr3orQ9LSEu+rhxuuJVQ+jcqHk="></latexit><latexit sha1_base64="QYNQwQAiZouP4r6k4muRxMnsszI="></latexit><latexit sha1_base64="QYNQwQAiZouP4r6k4muRxMnsszI="></latexit><latexit sha1_base64="BSnLtlNuTaDneTUSVM9u8MDqAi8="></latexit>

dxµ ! ⇤dxµ
<latexit sha1_base64="WWddJu/QgjLTklBcviblHmcx07U="></latexit><latexit sha1_base64="ymJ20xrJjS2n5pa2fwkJjsKcvTY="></latexit><latexit sha1_base64="ymJ20xrJjS2n5pa2fwkJjsKcvTY="></latexit><latexit sha1_base64="DSr6htsTc53se1Z8rM7gp9IStfA="></latexit>

X ! J(X)
<latexit sha1_base64="DLURSih26iegw7RzZcdx8ubgz5U="></latexit><latexit sha1_base64="CJAgH11mDxoA7YCR90U+/Mn9bDQ="></latexit><latexit sha1_base64="CJAgH11mDxoA7YCR90U+/Mn9bDQ="></latexit><latexit sha1_base64="MS3QYnrlI3aAWeuJGKFRC/1OpZU="></latexit>

chiral structure

[Tseytlin ’90, Duff '90, Siegel '93]



 Summary



  

• Born geometry - possible geometry for Quantum Gravity

• Doubled String Sigma Model & Double Field Theory

➡ Actions with manifest               symmetry

➡ Strong relation to principles of Born geometry

• Born connection - unique, compatible connection

Summary

O(d, d)
<latexit sha1_base64="9hCNUKh4Bca4MoMIm7qFEPTS02s="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="aqrQg80uPyDaMCQ326gGRMu43Yk="></latexit><latexit sha1_base64="y0yOOSQZgMNY+xBRbdfxJnFQ9xs="></latexit>

Outlook: 
Go beyond string theory!




