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| Motivations ]]

« According to many theoretical studies, the classical description of space-
time, as a continuum, might be no longer adequate to reconcile gravity with
quantum mechanics at very high energy (~ Planck scale).

» Instead, a more appropriate description could be provided by the data of a
non-commutative algebra of coordinate operators (replacing the usual
commutative local coordinates on smooth manifold).

« In this spirit, the k-Minkowski space appears in the physics literature to be
one of the most studied Lie algebra type non-commutative space-time

[x0,x;] = ix™tx;, |x5,%] =0, i,j=1,..,3,

where the deformation parameter is dimensionful, [x] = L™ (natural units).
— k-Poincaré sym. & k ~ Planck mass or some intermediate (QG) scale.
— Various applications e.g. in QG models, DSR, relative locality...

« Non-commutative space-time = Non-Commutative Field Theory.
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[Presentation of the k-Minkowski space (see J.-C. Wallet) }]

« A convenient presentation (for studying NCFT) of the k-Minkowski space is
provided by the combination of harmonic analysis on the locally-compact
non-unimodular Lie group G := R3 x R with the Weyl quantisation scheme.

« This procedure leads to the following star product

(f xg)(x) = [ dpdy e PV f(xo + y, %) g(x0, e P/*%),

while a natural involution on x-Minkowski is given by

T(x) = [ dpdy e ™Y f(xq + vy, e "P/%X).
f pdy oty

4+ Remarks: f € M, is C-valued (smooth function), but f1 = f.
Here, M,. denotes the non-commutative algebra of fields modeling x-Minkowski.
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[Construction of k-Poincaré invariant action functional }]

« The aforementioned presentation of the k-Minkowski space provides us with
(almost) all the needed material for constructing an action functional S, .

aiming to encode the dynamics of an interacting complex scalar field on
k-Minkowski background.

 Itis convenient to introduce a Hilbert product on M,
(f, ) = J d* (f * gT)(x) = [ d*x f(x)g(x).
=>{(f,f)« € Rand (f,Kf). € R, Vf € M, and K: M, - M, self-adjoint.
« We further require

a) Sy« tobe k-Poincare invariant

= Sexld, o] = [ d*x L]g, ¢T|(x), L[g, ¢T]| € M;
b)  lim Sy.[¢, ¢T] = [ d*x (Gor(-au0m+m)p+LIs*)

4!
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[Kinetic term(s) }]

« Weassume S,..|p, dT| = Sk, pT| + STE[, BT
= g;lc(,in [(pr ¢T] = %<¢r T1¢>* + %(Qb-l_r TZ(I)T)*;

where T; := K + m? is a self-adjoint kinetic operator K with dense domain
in M. possibly supplemented by a mass-like term m; € R.

« Further assuming K to be a differential operator, one can identify
K(0) - K(P), B, = —id,,.
= 5509, ¢1] = H{(Ty + 0S(T2)) 9, 6),,
where g := e3!90/¥ js the twist characterising the twisted trace property
Jd*x (f x g)(x) = [ d*x (og * f)(x),
and S is the antipode of the x-Poincaré algebras.t. (h = )T = S(h)T & f.
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« A first natural choice for the kinetic operator is provided by the first Casimir
operator of the k-Poincaré algebra which is given in the Majid-Ruegg basis by

K.(P) = C,.(P) = 4K? 51nh2( )+ePO/"P2

« A second natural choice is provided by the square of an equivariant Dirac
operator which can be written has

C2(P
K.q(P) = C(P) + 4(2).

* Inboth cases, K — 0,0 and one has S(K) = K s.t.

K—00

skin[ep, 1] = X1 + o) (K + M), ¢).,

2 2
st. minGmg, m3) < M2(m, my) = THTE0

< max(m?,m3).

= We restrict our attention to the case M (m,, m,) = m, constant.
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[Interaction term(s) }]

« According to the terminology of NCFT, one distinguishes two orientable
Interactions

mto[¢ pt] = !(<¢T*¢’¢T*¢)*+(¢*¢+,¢*¢T>*),
where the ¢’s alternate with the ¢ *’s and two non-orientable interactions
mtno[¢ ¢T] !((¢*¢,¢*¢>* + (gb'l' *d)T,d)T *¢T>*);

with dimensionless coupling constant g € R.

= The usual single interaction potential for the (commutative) |¢|*-model splits
into 4 different interactions at the non-commutative level. (This results from the
non-commutativity & the twisted trace property of the Lebesgue integral.)
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[NCFT as ordinary non-local complex scalar field theories ]

* A key point for deriving “casily” the loop corrections to the n-point functions
IS to notice that the NCFT involving the star product can actually be
Interpreted as an ordinary, albeit non-local, complex scalar field theory
(involving pointwise product).

« Mere combination of the integral expressions for the star product and the
involution with the expression for S, , yields the identification

Sixl® ¢T] = Sl @1

The kinetic term for the non-local QFT is given by
S0, 31 =1 [  FOOK M),

K (k) =2(1+ e~ 3k" /%) (K (k) + m?)
= Straightforward derivation of the propagator
A(k) =1/K (k).
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« The interaction term is now given by

sei,61=4 1_[ Gy BUPUe)P k)b (k) Vazss,

with, for the orientable model
Viyaa = @m)*(1 + 3K/ )6 (kS — kS + kS — kDED ((Ky — k3)e /% + (ky — iy )eki/r),
and for the non-orientable model
Vizss = (27T)4(1 + 3_3(kg+kg)/’c)5(k2 — kI + k9 — k?)5(3)(§4 — kg + kpe Ka/x — I_éle‘kg/’c),

where we have defined V,,.q = V(kg kp, ke, kg).

Remarks: — Non-linearity of the spatial delta function;
— The two models lead to very different QFT (UV/IR mixing...)
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[Path Integral quantisation }]

« The various radiative corrections to the n-point functions can be obtained as
usual by expanding the generating functional of connected correlation
functions W up to the desired order in the coupling constant g.

— This is a mere consequence of the representation of the NCFT as ordinary QFT.
« Explicitly,

- - 14 1n (¥ la737] ~ 1) ewe),
WI[,J1=InZ[],J]]=N+W;[/,J] +In\1+ e Ws 57871 — 1

with We [, J] = [ 2% J() k)] (k).

The effective action I' is then defined as the Legendre transform of W

Mg, ¢l = [ Lk (JUp(k) +J(k)b(K)) = W],

pk) =, k) = .

§J(k)’ §J(k)
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[One-loop 2-point function ]

« The quadratic part of the effective action, at one-loop order, is given by

07,61 5 f (2n)4 (2 )4¢(k1)¢(kz)r(2)(k1'k2)

4
F(Z)(kpkz) @ )4f énk)i A(k)(Vs312 + V1233 + V1332 + Vaz13) .

* Orientable model:
(all the V.4 reduces to 64 (k2 — k) times some powers of the twist factor)

Zm)° ¢(k)(w1 + wye BRO/K)QI’(k)

= The tree-level structure of the 2-point function is preserved.

I‘1(2) (k1» kz) — f
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« Non-orientable model:
(not all the V,,;,.4 reduces to 6 (k, — k;) — non-planar contributions)

(i) The planar contributions are

0D U ) = [ 5000 (03 + wae 3/ k),

= Again, the tree-level structure of the 2-point function is preserved.
Actually, w; = w, and w, = w;.

(i1) The non-planar contributions are
[y (k) = (kS — kD) (ECky, k2) + Eky, ky)),
kg, ky) = j Lk (1 + e730HKDYA ()6 ) ((1—e ™ /) — kg + e™K"/¥K,)
— One can easily show that |Z2(k,, k;)| < oo at non-exceptional external momenta,
while 02, (e, 0) = T2 (ky, 0),

which diverges (see below) = indicating UV/IR mixing.
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— It 1s sufficient to compute w, and w,.

» Model with Casimir Kinetic operator:

wj = gK f dy @ ;j(y)I(y) with &4,y := =5 + 1 and CIDZ(y) 1+y3 + y_131
I = a3k 1 =1 — 2K% +
) = Js G s M (y) ™y +y2.

— “ordinary” space-like integral times some function of y (~time-like variable)

* Regularisation scheme:
(a) Pauli-Villars regularisation to extract the (“spatial”) singular behaviour of I

1) = (3 = 1) - j L (IR +22)

1
1 _ T(a+b) u~1(1—y)b-1
Aapb l"(a)l"(b)j du (uA+(1—u)B)atb’ a,b >0,
2\—m n-2m I'(m-n/2) E
j(m)n (p?2+M?>)™ =M GO ) m > > > 0.

= w;(A ) = g5z [, dy @, (A — kpe ().
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(b) Cut-off regularisation of the y-integral

Why y variable? By definition y := e K°/% \We recognize & := e ~Po/¥ 3
generator of the x-deformed translation Hopf sub-algebra. Also,

-2 — —
Ce ~ |P||” + 25, with = k and P = k(1 — y) — k°.
= P, seems to be the natural quantity replacing the energy within this framework.

For these reasons, we regularise the time-like integral by cutting P, instead of
the Fourier parameter kY, namely |P,| < A,. This implies
K <y < K+A\g

K+Ag — Y= K’
K+A0

st. [y dy > [ dy=[ &

KZ+AO

« Standard computations finally yield (A = Ayp)

w,(A) = + cl (K)KA — co (k) m ln + F, (k),
w,(A) = + 8n2 + ¢ (k) kA — cj (k) m? lnz + F,(x),

87‘[2

where F;(x) are finite terms and the coefficients are dimensionless.
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« Model with equivariant Kinetic operator:

wj =L [ ay @;)1()

1(y) = d’k L o uz :=1i2/1—m—2 + y2.
0)= Jao s (R () K S

— The space-like integral is finite.

= w;(Ay) = N’}i_w [y, @y 2,0 (1 ) — 1-(),

41T

= wj(Ag) = 3 + F;(10).

— Milder quantum behaviour than in the commutative case.
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[One-loop 4-point function }]

« We now focus on the model with equivariant Kkinetic operator and
orientable interactions.

« The one-loop quartic part of the effective action is given by

r¥1g, 81 =4 | ]_[(2 L BUDDB PRIl g s ),

d*k: d*k
with I‘l(4)(k1,k2,k3,k4) =L/ s s Aks)Aks) X

X (2V5462V3615 + 2V5462 V3516 + 2V5216V3465 +
+2V1652 V3465 + 2Vs5612Veazs + 2Vs612 V3564 +
+2V5612V3465 + Vs612Ves34 + Vi256V3465 T
+2Vs5216V3564 T Vs216Veass T Vies2Vasea)-

— The non-planar contributions are finite with no singularities in the
external momenta.
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« Making use of the symmetry properties
Vi34 = V4321, Vi34 = 83(kg_k‘(*))/KV3412»
together with the fusion rules

Vi265V5634 = V5634V1234, Vise4V5236 = V5236V1234,
one can gather the various contributions s.t.

(4) 2 r d4k5 d4k 0
F (lik21k31k4) — (2 )SJ (27_[)4 (2 )4_ A(kS)A(k6)qJ1(k5)V5634V1234'
2 d4k5 d4k
Iy Ckr, ko ks ) = s f G a2k k) W1 (Kk8)Vs236Vizaa.

« Familly using the following estimate on the equivariant propagator

-2
A(y,F) < 8 (||k|| o2 <y>) |

one can easily infer a bound on Iy'%. One finds ‘F(‘L)‘ <, j=a,b.
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[Summary & outlook ]

 We have computed the one-loop order corrections to both the 2-point and
4-point functions for various (4) models of x-Poincaré invariant complex scalar
field theory with quartic interactions. — New results in NCQFT. Explore in
more details their implications in HEP, QG...

« The computations appear to be very simple and the integral expression for the
star product enables us to make use of the standard machinery from (ordinary)
QFT. — encouraging for undertaking further studies in NCFT/GT.

« We show that the models with Casimir kinetic operator require to consider the 4
Interactions to ensure the two component of the mass-operator to be
renormalised the same way & One-loop 2-point function diverge cubically with
UV/IR mixing.

* On the other hand, the models with equivariant kinetic operator diverge linearly
with possibly UV/IR mixing. The 4-point function is finite. Hence, better
quantum behaviour for model with orientable interactions than in the
commutative case. — Probably renormalisable at all order (to be proved).
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 Both kinetic operators are IR singular for massless theory. — Study
massless theories.

« If one want to renormalized the theory which has UV/IR mixing, one should
first extract the (IR) singularity from the non-planar contributions.

Thank you.
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