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NC/NA geometry and gravity

Early Universe, singularities of BHs = QG = Quantum space-time
NC/NA space-time => Gravity on NC/NA spaces.

General Relativity (GR) is based on the diffeomorphism symmetry.
This concept (space-time symmetry) is difficult to generalize to
NC/NA spaces. Different approaches:

NC spectral geometry [Chamseddine, Connes, Marcolli '07; Chamseddine,
Connes, Mukhanov ’14].

Emergent gravity [Steinacker '10, '16].

Frame formalism, operator description [Buri¢, Madore '14; Fritz,
Majid '16].

Twist approach [Wess et al. '05, '06; Ohl, Schenckel '09; Castellani, Aschieri
'09; Aschieri, Schenkel '14].

NC gravity as a gauge theory of Lorentz/Poincaré group
[Chamseddine '01,’04, Cardela, Zanon '03, Aschieri, Castellani '09,’12; Dobrski '16].
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NA gravity: Motivation

Do closed strings provide a framework for quantum gravity?

In particular: closed strings propagating in a locally non-geometric
constant R-flux background [Munich group '11].

The low energy limit: Nonassociative gravity on space-time.
Twist deformation: a well defined way to deform symmetries, in

particular diffeomorphism symmetry, and the corresponding
differential geometry [Wess et al. '06; Aschieri et al. '08,'09,. . ]

R-flux induced cochain twist: introduced in [Mylonas, Schupp, Szabo
'14: Aschieri, Szabo '15].



NA gravity: General

NA gravity is based on:

-locally non-geometric constant R-flux.
-twist F and associator ® with

O(FR1)ARIAF=(11F)(Id® A)F .

-equivariance (covariance) under the twisted diffeomorphisms
(quasi-Hopf algebra of twisted diffeomorphisms).

-twisted differential geometry in phase space. In particular:
connection, curvature, torsion.

-NA Levi-Civita connection and projection of phase space Einstein
equations to space-time.

Our goals:

-consistently construct NA deformation of GR: NA Einstein
equations, NA Einstein-Hilbert action; investigate
phenomenological consequences.

-understand symmetries of the obtained NA gravity.



NA differntial geometry: Review of twist deformation

Symmetry algebra g and the universal covering algebra Ug.
A well defined way of deforming symmetries: the twist formalism.
Twist F (introduced by Drinfel'd in 1983-1985) is:

-an invertible element of Ug ® Ug
-fulfills the 2-cocycle condition (ensures the associativity of the
*-product).
Fo1UARId)F =11 Fid® A)F. (2.1)

-additionaly: F =1® 1+ O(h); h-deformation parameter.

Moyal-Weyl deformation: F = e~ 20" 0u®0
NC field theory [Szabo '03], NC Standard model [Wess et al. '01,... ’06],
NC gravity [Chamseddine '01,’04; Cardela, Zanon '03; Wess et al. '05. . ]

) ) _ipab
Abelian twist: F=e3? Xa®Xp

where X, = X4(x)9,, [X?, XP]=0 and 62" = const.. NC
gravity [Aschieri, Castellani '09, ...’14].



NA differntial geometry: R-flux induced cochain twist

LA < _ _ 2
Phase space M: x? = (x*,%, = pu), Oa = (0, 0" = m).
2d dimensional, A=1,...2d.

The twist F:

F = exp (= (8,05~ 829,)— £ R (p, 8,80, 0,8p. 9,)) , (2.2)
with R¥¥P totally antisymmetric and constant, x := é;
Does not fulfill the 2-cocycle condition

P(FR1)(A®I)F=(10F)(deA)F. (2.3)

The associator ¢:

O =exp(hER"?0,®08,®0,) = 1 @2 Q@¢3 =101® 1+ O(hx). (2.4)
Notation: F =f*®f,, Fl=f*®f,, 1 = ¢; ® ¢ ® ¢3,

R=F?=R*®R, R 1=F>=R*®R,



Hopf aglebra of diffeomorphisms UVec(M):

[u,v] = (uBOpvA — vBOgU™)Da,
A(U):1®U+u®17
e(u) =0,5(v) = —u.

Quasi-Hopf algebra of infinitesimal diffeomorphisms UVec” (M):

-algebra structure does not change
-coproduct is deformed: AF¢ = FA F~1
-counit and antipod do not change: ¢/ =¢,S7 = S.
On basis vectors:
Ar(dy) = 1009, +09,©1,
Ar(") = 100" +0* @1+ ikR*P9,®0, .



NA differential geometry: NA tensor calculus

Guiding principle: Differential geometry on M is covatiant under
UVec(M).

NA differential geometry on M should be covariant under
UVec” (M).

In pactice: UVec(M)-module algebra A (functions, forms,
tensors) and a, b € A, u € Vec(M)

u(ab) = u(a)b + au(b), Lie derivative, coproduct.

The twist: UVec(M) — UVec” (M) and A — A, with
ab— axb="1%a)-f 4(b). Then A, is a UVec” (M)-module
algebra:

§(ax b) = {y(a) * {2)(b),
for ¢ € UVec” (M) and using the twisted coproduct AT¢.



Commutativity: axb=f *(a)-f o(b) = R¥(b) xR 4(a) =: *bxa
Associativity: (ax b)x c = ?1ax (?2b* %3¢).

Functions: C*®(M) — C®(M),

frg = F°(f)-Tale) (2.5)
= f-g+ i (0.f O'g — O"f-0.8) + ikR"’ p,O,f -Oug + - ,

[ % xV] = 25 RI p,, [x % p,] = ih oy, [ % p] =0,

[xH * x¥ x xP] = Eg’ RHVP,

Forms: Q#(M) — Qf (M),

wAen =F%(w) AT a(n), (2.6)
frdx® = dx® x (0% f — in %" c Bsf) ,

g g 5 TR g
with non-vanishing components Z*" < %, = RMP. Basis 1-forms

(dx* Av dx®) Ax dx© = 1(dx?) Ae (P2(dX®) Ax 22(dx©))
= dx* A, (dxB A, dx©) = dx? A dxB A dx©.



NA tensor calculus: duality, derivation, Lie derivative
Exterior derivative d: d2 = 0 and the undeformed Leibniz rule

d(w A, ) = dw A, + (=D)*Tw A, dn. (2.7)

Duality, x-pairing:
(w), u>*:<fo‘(w),fa(u)> . (2.8)

* Lie drivative:
L(T) = Lgagy(falT)), (2.9)
[ﬁ* E*]. — L[u v]*
Ly(w Aen) = L5, (Pw) A P+ (B P0) At L 5, 5,,(5 Pn),

with [u, v], = [ *(u), o(v)]. Relation of £} with
diffeomorphism symmetry in space-time needs to be understood.



NA differential geometry: NA connection

*-connection:

V* : Vec, — Vec, ®, Q!

u — V'u, (2.10)
Viuxf) = (V*(%u) x #f + u g, df, (2.11)

the right Leibniz rule, for u € Vec, and f € A,. In particular:
V*0a =: 08 @, T =: 08 ®, (M x dx°) . (2.12)

dy+ (04 @y w?) = 94 @ (dw® + T3 Ay w®),
for wA € Qi.
Connection on forms, dual connection *Vw:
Vi — Q.
w — “Vuw,
*V(f xw) Pf % (PV(w)) + df @, w. (2.13)
the left Leibniz rule, for w € Qi and f € A,. In particular:

drv(wa s dXA) = (dwa — ws A« FE) @y dx™.



NA differential geometry: NA torsion, NA curvature

Torsion:
T = dy~ (8A Ry dXA) : Vec, ®, Vec, — VeC*7
T*(8a,08) = Oc * (Tss — T§a) =: Oc * T as.
Torsion-free condition: 28 =Tga-
Curvature:
R* H= dv* ° dv* : Vec* — VeC* (g Qi,
R*(0a) = Oc @4 (dl§ +T§ Ax T5) = 8c @4 RS,
with the curvature coefficients
R*(0a,98,0c) = { Op @4« RR , 95 Ax Oc )
= 9p * (OcThs — O8TAc — Tore * (655 Tac + ik 255 (96T ac))
M0 E % (65 Th5 + ik 25 ¢ (6T55)))
= 8[) * RDAgc. (2.14)



First Cartan structure equation:
T (u,v) = V5, (Pu) = V5, (%) +[u, v].. (2.15)
Second Cartan structure equation:

C1 b2 Haz)

* K1 d1 b1 p1 &1 K2 B2 &) .
R(z,u,v) = 1Vp3<3¢3¢3 ( 2VP2C2¢3u

k11 ¢>1V (P1¢>1 K2 2 ¢2V

802) 4 T2

73 (3 é3 <i>3 2l d3ay

Bianchi identitites:
dTA+ T4 A, TB =RE A, dx5, (2.16)

dR§ + TS A RE_RSA, TE =
=T§ Aw (TR ALTR) — #T§ Ax (P28 AL #TR).



Ricci tensor:
Ric*(u, v) == —( R*(u, v, da), dx™ ), (2.17)
Ric* = Ricap * (dx® ®, dx?).
Commponents from Ricgc := Ric*(dg, d¢)
Ricsc = 9alc — OcTBa + MBra* rg,c —Tgc* rg;\
+ ik FE‘,E * (%EGA (agrg/c) — %EGC (8(;F§;\)) (2.18)
+ iK%EGA 858Cr,A3£ — iH%EGA aG (rg/E * rg;‘ - rg’C * rgl/:')

+ Ifz %AFD (.%EGA ap(l'g/E *8G|—glc) — %EGC ap(l'g/E *8cl'g;)) o

Scalar curvature cannot be defined along these lines: cannot be
seen as a map and inverse metric tensor needed. Not
straightforward.



NA deformation of GR: NA Levi-Civita connection

GR connection rbSP is a Levi-Civita connection: torssion-free and
metric compatible Vg, = 0. Generalization to our NA phase

space:

Metric tensor g* € Q} ®, Q2 and
g (u,v) =(g", u®, v ), € C°(M),. In the coordinate basis:

g* =gag * (Ax* ®, dx®), g*(0a,0B) = gaB = ga-
Metric compatibility condition: *Vg* = 0. We calculate

dgag = d( g*, 0a ®x I )«
= (*Vg*, 0a ®4 O )u + { P'g*, P2V*(%(0a ®4 08)) )«

= < g*7 v*(8A Qs 8B) >*-



Calcualtion straightforward up to

Gen*Mhp = 3 (Opgac + 9agnc — dcgap
+ik 25 c (O60pgar + Oe0agpF)),  (3.19)
Gun = gmn + ik ZEF 1 Ocgne. Problems with straightforward
inversion noted already in [Blumenhagen, Fuchs '16]. Working with
GMC€ x Gy = 0V leads to:

GV x * (Gen * rAD) (¢1 GMC x %2 Gen) x % rAD a rAD (3.20)

Inversion possible in terms of differential operators:

bY I
S, = G*C « Weap + Z ) (—1)/X) Y2 (G*ME s« Weap),

with * being the x-product corresponding to the twist
F:exp(—%ﬁ((?#@é“—é“@ap))

and G*5€ x Gy = 43,



Also:

1
Wecap = 5 (Opgac + 0agpc — dcgap
+ik % c (0e0pgAF + OE0A8DF)),

—B * —a rd rd - (i/{)n n
YG;\\//I = fR(G MC*fR(GCN)) fRﬁfRa::Zo nl YE;);\\I/Iv
Yoy = o
Y(l)M 1 ?B *MC np 3
N = ZFr(GME (R p,0,Gen)) Frp Oy

2
1_ _
—> Fa(G*™MC « (8,Gen)) Frp RM* b, 0,

with Fr! = exp (3£ R (p, 8, ® 9, — 9, @ p, ) = g @ FRa-



Connection coefficients, expanded up to first order in Ax:

oY = FLCS = 1g°? (dpgaq + dagpo — De8ap) (3.21)
o = * ((9u8p0) 9" T55° — (8"8P0) uT45°) -
5o — mRaﬁ7 (gs7 W (9aT5EY) — 85 ps (Ormw) uTHSY ) |
Fig’l) = h; R*A7 | ... long expression ...

+(9a8°) (9580r) ,THY |-
Comments:

-rf‘g’l) and Ff\g’o) imaginary, Ff\(Dl’l) real.
-for gy that does not depend on the momenta p,,, only the last
5(L1)

term in [,y remains.

_gs'y = gSM 5/\//,)?7 .



NA deformation of GR: NA vacuum Einstein equation

We can write vacuum Einstein equations in phase space as:

Ricgc =0 . (3.22)

Our strategy: expand Ricci tensor (2.17) in term of (3.21), i. e.
the metric tensor gpy. This gives Einstein equations in phase
space. How do we obtain the induced equations in space-time?



From phase space to space-time:

» start from objects in space-time M g = g, dx* ® dx” and lift
them to phase space M foliated with leaves of constant
momenta, each leave is diffeomorphic to M.

Co(M) —F> CX(M)

(M) > C=(M

Functions, forms: pullback using the canonical projection
m:M—= M.

Vector fields: v#(x) 9, — 7*(v*)(x, p) 9, and

7 (v¥)(x; p) = (v¥)(m(x, p)) = v¥(x).



Metric tensor: g = gy, dx* ® dx” — gun dxM @ dxN with

@) = (340 ) (323)

Note the additional nondegenerate bilinear h(x)*” dX, ® d%,;
natural choice h(x)*” = nH”.

» Do all calculations in phase space, using the twisted
differential geometry. In particular, calculate Ricgc in terms
of BAB, (2.17), (3.21).

» Finally, project the result to space-time using the zero section
x — o(x) = (x,0).

Functions, forms: pullback to the zero momentum leaf:
Vector fields: v#(x, p) 8, + V.(x, p) 9" — v¥(x,0) ..

Ricci tensor: Ric — Ric*® = Ricj,, dx* ® dx”,
Ric,, (x) = o*(Ricu)(x, p) = Ricu(x, 0).



NA deformation of GR: NA gravity in space-time
The lifted metric gy dxV @ dxN = gy * (dxM @, dx"),

guv(X) 2 RIVEG, i
gMN(X) - (im :/J«Oé ’ jnZ ' ' (324)
o R aagav n (X)

Ricci tensor in space-time, (expanded up to first order in hk):

Rict, = RIS + & R (3, (0ug” (95807) 0,757)
—0, (08" (95807) 05715 7)

+ 0,870 (0a(g77 TH5") 0aT 50" — 0a(8T T5y") s

+ (M5 0ag”" — Daly5” 8°7) 06T

— (107 0™ — 0TS &P7) 95T5H) ). (3.25)
Vacuum Einstein equations in space-time:

Ricg, = 0. (3.26)



NA deformation of GR: Comments

» R-flux (via NA differential geometry) generates non-trivial
dynamical consequences on spacetime, they are independent
of h and real-valued.

> the linear R-flux correction to Ric;,, is not a total derivative.

» Why zero momentum leaf? Pulling back to a leaf of constant
momentum p = p° (generally) gives a non-vanishing imaginary
contribution Ricﬁ)o)}p:po to the spacetime Ricci tensor. Also,
n-triproducts calculated on the zero momentum leaf [Aschieri,
Szabo '15] coincide with those proposed in [Munich group '11].

» Why h(x)*” = n"”? The simplest choice, can be extended. In
relation with Born geometry [Freidel et al. '14]: in our model
nonassociativity does not generates curved momentum space.
Investigate h(x)* #£ nhv. ..



Discussion

Our goals:

» Phenomenological consequences (R-flux induced corrections
to GR solutions): to be investigates.

» Construction of scalar curvature, matter fields, full Einstein
equations: to be investigated.

> Twisted diffeomorphism symmetry and " quantum
diffeomorphisms”: to be understood better.

> NA gravity as a gauge theory of Lorentz symmetry, NA
Einstein-Cartan gravity: better understanding of NA gauge
symmetry is needed, L, algebra? See also [Blumenhagen et al.
'18].
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