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Introduction: metric-axial-tensor (MAT) gravity

usual coupling with gravity of the form:

hµνT
µν

(here gµν = ηµν + hµν)

we need different couplings for left and right matter:

h(L)µνT(L)
µν + h(R)µνT(R)

µν

the prescription:

ĝµν = gµν + γ5fµν

we call this MAT or axial gravity
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Introduction: Bardeen’s method I

Dirac fermions coupled to two Lie algebra valued gauge potentials
(Bardeen 1969.)
vector Vµ and axial Aµ

S [V ,A] = i

∫
d4x ψ

(
/∂ + /V + γ5 /A

)
ψ

invariant under two sets of gauge transformations
two covariantly conserved currents jµ = jaµT

a and j5µ = ja5µT
a, where

jaµ = ψγµT
aψ, ja5µ = ψγµγ5T

aψ

one-loop, e.g. vector conserved

[Dµ
V jµ]a + [Aµ, j5µ]a = 0

Maro Cvitan Axial gravity and split anomalies



Introduction: Bardeen’s method II

the axial becomes anomalous:

[Dµ
V j5µ]a + [Aµ, jµ]a =

1

4π2
εµνλρtr

[
T a

(
1

4
FµνV FλρV +

1

12
FµνA FλρA

−1

6
FµνV AλAρ − 1

6
AµAνFλρV

−2

3
AµF νλA Aρ − 1

3
AµAνAλAρ

)]
taking the collapsing limit V → V

2 ,A→
V
2 one infers that

[DVµj
µ
L ]a =

1

24π2
εµνλρtr

[
T a∂µ

(
V ν∂λV ρ +

1

2
V νV λV ρ

)]
where jLµ = ψLγµψL, here ψL = 1+γ2

2 ψ, which is the consistent
non-Abelian gauge anomaly
an example of split anomaly: opposite sign for jRµ
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Introduction: trace anomaly

at one loop the trace of the e.m. tensor receives corrections

Θµ
µ = aE + cW 2 + eP

Weyl invariant (Weyl tensor squared):

W 2 = RµνρσR
µνρσ − 2RµνR

µν +
1

3
R2

Euler invariant (Gauss-Bonnet):

E = RµνρσR
µνρσ − 4RµνR

µν + R2

Pontryagin invariant:

P = εµνρσR
µνλκRρσλκ

in the sequel we use Bardeen’s method in (axial) gravity, using collapsing
limit to extract results for Weyl fermion:

ĝµν = gµν + γ5fµν gµν = ηµν + hµν

hµν →
hµν

2
fµν →

hµν
2
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Axial gravity: numbers

axial-complex numbers are defined by (similar to Hess, Greiner, 2009)

â = a1 + γ5a2

a conjugation operator

â = a1 − γ5a2

axial-analytic functions f̂ (x̂), where x̂ = x1 + γ5x2
property:

f̂ (x̂) = P+ f̂ (x+) + P− f̂ (x−)

=
1

2

(
f̂ (x+) + f̂ (x−)

)
+
γ5
2

(
f̂ (x+)− f̂ (x−)

)
where x+ = x1 + x2 and x− = x1 − x2
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Axial gravity: numbers

derivatives of functions f (x̂ , x̂):

∂

∂x̂µ
=

1

2

(
∂

∂xµ1
+ γ5

∂

∂xµ2

)
,

∂

∂x̂
µ =

1

2

(
∂

∂xµ1
− γ5

∂

∂xµ2

)
for axial-analytic functions f (x̂) one has axial Cauchy-Riemann conditions
∂f
∂x̂
µ = 0 and therefore

d

dx̂
=

∂

∂x1
≡ ∂

∂x̂
,

as a consequence it follows that∫
dx̂ f̂ (x̂) =

∫
dx1 f̂ (x̂)

and we can define definite integrals∫ b̂

â

dx̂ f̂ (x̂) = ĝ(b̂)− ĝ(â)
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Axial gravity: geometry

metric ĝµν = gµν + γ5fµν
the Christoffel symbols:

Γ̂λµν =
1

2
ĝλρ

(
∂

∂x̂µ
ĝρν +

∂

∂x̂ν
ĝµρ −

∂

∂x̂ρ
ĝµν

)
= Γ(1)λ

µν + γ5Γ(2)λ
µν

using the axial affine parameter t̂ = t1 + γ5t2, the action for a particle is:

Ŝ [x̂ ] =

∫
dt̂
(
ĝµν ˙̂x

µ ˙̂x
ν
) 1

2

where ˙̂a = dâ
dt̂

.
the action takes values in axial complex numbers.
requiring δŜ [x̂ ] = 0 one gets the eom

¨̂x
µ

+ Γ̂µνλ
˙̂x
ν ˙̂x
λ

= 0
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Point splitting: geodetic interval and distance

the quantity

Ê =
1

2
ĝµν ˙̂x

µ ˙̂x
ν

is conserved as a function of t̂. ŝ − ŝ ′ is the axial arc length along the
geodesic between x̂ and x̂ ′

ŝ − ŝ ′ =

∫ t̂

t̂′
dt̂
√

2Ê =
√

2Ê (t̂ − t̂ ′).

the world function and denoted

σ̂(x̂ , x̂ ′) =
1

2
(ŝ − ŝ ′)2

properties:

σ̂;µ = ∂̂µσ̂ = (t̂ − t̂ ′)ĝµν ˙̂x
ν
≡ −ĝµν ŷν

1

2
σ̂;µσ̂;

µ = σ̂
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Point splitting: normal coordinates

normal coordinates can be defined based at x or at x ′:

ŷµ
′
(x̂ ′, x̂) = (t̂ − t̂ ′)

dx̂µ
′

dt̂ ′
and ŷµ(x̂ , x̂ ′) = (t̂ ′ − t̂)

dx̂µ

dt̂

using geodesic equation at endpoints it follows that

ŷµ
′

;ν(x̂ ′, x̂)ŷν(x̂ , x̂ ′) = −ŷµ
′
(x̂ ′, x̂)

also it folllows that

ŷµ
′

;ν(x̂ ′, x̂)
dx̂ν(t̂)

dt̂
=

dx̂µ
′
(t̂ ′)

dt̂ ′

in the coincidence limit x̂ ′ → x̂ one gets

[ŷµ] = 0 [ŷµ
′
] = 0

[ŷµ
′

;ν ] = δµν [ŷµ
′

;ν′ ] = −δµν [ŷµ;ν ] = −δµν [ŷµ;ν′ ] = δµν

where [X ] denotes the result of the coincidence limit on the quantity X
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Point splitting: normal coordinates

differentiating several times with respect to x̂ρ or x̂ρ
′

one finds further
relations for coincidence limits

[ŷµ
′

;λ′ρ′ ] = 0

[ŷµ
′

;λ′ρ′τ ′ ] =
1

3

(
R̂µρλτ + R̂µτλρ

)

[ŷµ
′

;λρτ ] =
1

3

(
R̂µλρτ + R̂µρλτ

)

[ŷµ;λρτ ] =
1

3

(
R̂µτλρ + R̂µρλτ

)
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Point splitting: coincidence limits of σ̂

covariantly differentiating properties of σ

σ̂;ν = σ̂;µν σ̂;
µ σ̂;µλ = −ĝµν ŷν ;λ

it follows

[σ̂;ν ] = 0 [σ̂;µλ] = ĝµλ [σ̂;µλ′ ] = −ĝµλ

[σ̂;ρνλ] = [σ̂;λνρ] = [σ̂;νλρ] = 0

[σ̂;νλρτ ] = −1

3

(
R̂ντλρ + R̂νρλτ

)
≡ Ŝνλρτ

[σ̂;νλρστ ] =
3

4

(
Ŝνλστ ;ρ + Ŝνλσρ;τ + Ŝνλτρ;σ

)
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Point splitting: coincidence limits of σ̂

[σ̂;µν′λ] = [σ̂;µλν′ ] = 0

[σ̂;µν′λρ] = [σ̂;µλρν′ ] = −[σ̂;µλρν ] = −Ŝµλρν

and

[σ̂;µν′λρσ] = [σ̂;µλρσν′ ] =
1

4
Ŝµλρσ;ν −

3

4

(
Ŝµλνρ;σ + Ŝµλσν;ρ

)
similarly, one obtains

[σ̂;µ
µ
ν
ν
ρ
ρ] = −8

5
R̂;µ

µ +
4

15
R̂µνR̂

µν − 4

15
R̂µνλρR̂

µνλρ

[σ̂;µν
ν
ρ
ρµ] = −[σ̂;µ

µ′

ν
ν
ρ
ρ] =

2

5
R̂;µ

µ − 1

15
R̂µνR̂

µν − 4

15
R̂µνλρR̂

µνλρ
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Point splitting: Van Vleck-Morette determinant

the Van Vleck-Morette determinant in MAT is defined by

D̂(x̂ , x̂ ′) = det(−σ̂;µν′)

weight 0 version is ∆̂(x̂ , x̂ ′) = 1√
ĝ(x̂)

D̂(x̂ , x̂ ′) 1√
ĝ(x̂′)

in the coincidence limit: [∆̂
1
2

;λ] = 0

[∆̂
1
2

;λρ] =
1

6
R̂λρ =

1

6

(
R

(1)
λρ + γ5R

(2)
λρ

)

[∆̂
1
2

;λρσ] =
1

12

(
R̂λρ;σ + R̂ρσ;λ + R̂σλ;ρ

)

[∆̂
1
2
;µ
µ
ν
ν ] = +

1

5
R̂;µ

µ +
1

36
R̂2 − 1

30
R̂µνR̂

µν +
1

30
R̂µνλρR̂

µνλρ
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Point splitting: parallel displacement matrix

I (x , x ′)ψ(x ′) is the spinor at x obtained by parallel displacement of ψ(x ′)
along the geodesic from x ′ to x . I (x , x ′) is a bispinor quantity satisfying

σ̂;
µ Î;µ = 0, [̂I ] = 1

and 1 is the identity matrix in the spinor space.
further properties:

[̂I;(µν)] = 0

[̂I;[µν]] = −1

4
R̂µν where R̂µν = R̂µν

abΣab

[̂I;ν
ν
ρ] =

1

6
∇̂νR̂ρν [̂I;ν

ν
ρ
ρ] =

1

8
R̂ρλR̂ρλ
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Fermions in axial background: the action

fermion interacting with a metric and an axial tensor:

Ŝ =

∫
d4x̂

(
iψ

√
ĝγaêµa

(
∂µ +

1

2
Ω̂µ

)
ψ

)
(x̂)

=

∫
d4x̂

(
iψ

√
ĝγa(ẽµa + γ5c̃

µ
a )

(
∂µ +

1

2

(
Ω(1)
µ + γ5Ω(2)

µ

))
ψ

)
(x̂)

=

∫
d4x̂

(
iψ

√
ĝ(ẽµa − γ5c̃µa )

[
1

2
γa
↔
∂ µ +

1

4

(
γaΩ̂µ + Ω̂µγ

a
)]
ψ

)
(x̂)

=

∫
d4x̂

(
iψ

√
ĝ(ẽµa − γ5c̃µa )

[
1

2
γa
↔
∂ µ +

i

4
γdε

dabcΩ̂µbcγ5

]
ψ

)
(x̂)

takes axial-real values
notation: here ∂µ = ∂

∂x̂µ applies only to ψ or ψ
the action is invariant under axially extended diffeomorphisms
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Fermions in axial background: Ward identities

action Weyl invariant with axial Weyl transformation for the fermion field:

ψ → e−
3
2 (ω+γ5η)ψ

action of the form ψOψ
the Ward identity

0 =

∫
ψ
δO
δĝµν

ĝµν (ω + γ5η)ψ

one gets in this way two WI’s

T(x) ≡ Tµνgµν + Tµν
5 fµν = 0,

T5(x) ≡ Tµν fµν + Tµν
5 gµν = 0,
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Fermions in axial background: EM tensor

defined as:

Tµν =
2√
ĝ

δS

δĝµν

here the operator 2√
ĝ

δ
δĝµν

acts from the right and inside ψ . . . ψ.

Tλρ = − i

2
ψγ̂λ∇̂ρψ + (λ↔ ρ)
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Schwinger-DeWitt proper time method: fermion
propagator

one starts from the fermion propagator

Ĝ (x̂ , x̂ ′) = 〈0|T ψ(x̂)ψ†(x̂ ′)|0〉

which satisfies

i
√
ĝγ0 γ̂

µ∇̂µĜ (x̂ , x̂ ′) = −1δ(x̂ , x̂ ′)

using the ansatz

Ĝ (x , x ′) = −i γ̂µ∇̂µĜ(x , x ′)γ−10

gives √
|ĝ |
(
∇̂µĝ

µν
∇̂ν −

1

4
R̂

)
︸ ︷︷ ︸

F̂x̂

Ĝ(x̂ , x̂ ′) = −1δ(x̂ , x̂ ′)
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Schwinger-DeWitt proper time method: heat kernel I

we consider the amplitude:

K (x̂ , x̂ ′, ŝ) ≡ 〈x̂ , ŝ|x̂ ′, 0〉 = 〈x̂ |e iF̂ŝ |x̂ ′〉

which satisfies the (heat kernel) differential equation

i
∂

∂ŝ
〈x̂ , ŝ|x̂ ′, 0〉 = −F̂x̂〈x̂ , ŝ|x̂ ′, 0〉

where F̂x̂ is the differential operator

F̂x̂ = ∇̂µĝµν∇̂ν −
1

4
R̂

then we make the ansatz

〈x̂ , ŝ|x̂ ′, 0〉 = − lim
m→0

i

16π2

√
D̂(x̂ , x̂ ′)

ŝ2
e
i
(
σ̂(x̂,x̂′)

2̂s −m2 ŝ
)

Φ̂(x̂ , x̂ ′, ŝ)

Φ̂(x̂ , x̂ ′, ŝ) is a function to be determined
m will eventually be set to zero
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Schwinger-DeWitt proper time method: heat kernel II

equation for Φ̂(x̂ , x̂ ′, ŝ) is

i
∂Φ̂

∂ŝ
+

i

ŝ
∇̂µΦ̂∇̂µσ̂ +

1√
D̂
∇̂µ∇̂µ

(√
D̂Φ̂
)
−
(

1

4
R̂ −m2

)
Φ̂ = 0

with boundary condition at ŝ → 0

lim
ŝ→0

Φ̂(x̂ , x̂ ′, ŝ) = 1

expanding

Φ̂(x̂ , x̂ ′, ŝ) =
∞∑
n=0

ân(x̂ , x̂ ′)(i ŝ)n

equations for ân become:

(n + 1)ân+1 + ∇̂µân+1∇̂µσ̂ −
1√
D̂
∇̂µ∇̂µ

(√
D̂ân

)
+

(
1

4
R̂ −m2

)
ân = 0

with boundary condition [â0] = 1
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Schwinger-DeWitt proper time method: heat kernel III

(n + 1)ân+1 + ∇̂µân+1∇̂µσ̂ −
1√
D̂
∇̂µ∇̂µ

(√
D̂ân

)
+

(
1

4
R̂ −m2

)
ân = 0

one finds

[â1] =

(
− 1

12
R̂ + m2

)
1

[â2] =

(
1

2
m4 − 1

12
m2R̂ +

1

288
R̂2 − 1

120
R̂;µ

µ

− 1

180
R̂µνR̂

µν +
1

180
R̂µνλρR̂

µνλρ +
1

48
R̂µνR̂µν

)
1
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Schwinger-DeWitt proper time method: effective action I

to proceed we identify the effective action for Dirac fermions with

Ŵ = − i

2
Tr
(

ln F̂
)

its axially extended Weyl variation is given by

δω̂Ŵ =
i

2
Tr
(
Ĝ δω̂F̂

)
we have

δω̂Ŵ = δω̂

(
−1

2
Tr

∫ ∞
0

dŝ

i ŝ
e iF̂ ŝ

)
= −1

2
Tr

(∫ ∞
0

dŝ e iF̂ ŝδω̂F̂

)
.

for our purposes, the effective action can be represented as

Ŵ = −1

2
Tr

∫ ∞
0

dŝ

i ŝ
e iF̂ŝ + const ≡ L̂ + const
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Schwinger-DeWitt proper time method: effective action II

Ŵ = −1

2
Tr

∫ ∞
0

dŝ

i ŝ
e iF̂ŝ + const ≡ L̂ + const

here L̂ is the relevant effective action

L̂ =

∫
dd x̂ L̂(x̂)

where

L̂(x̂) = −1

2
tr

∫ ∞
0

dŝ

i ŝ
K̂ (x̂ , x̂ , ŝ)

K̂ (x̂ , x̂ , ŝ) =
i

(4πi ŝ)
d
2

√
ĝ e−im

2 ŝ [Φ̂(x̂ , x̂ , ŝ)]
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Schwinger-DeWitt proper time method: dimensional
regularisation I

to analytically continue in number of dimensions d we multiply L̂ with a
appropriate power of mass parameter µ to make it dimensionless

L̂(x)

µd
= − i

2
(4πµ2)tr

∫ ∞
0

dŝ (4πiµ2ŝ)−
d
2−1
√
ĝ e−im

2 ŝ [Φ̂(x̂ , x̂ , ŝ)]

where tr denotes the trace over gamma matrices.
we assume that

lim
s→∞

e−im
2 ŝ [Φ̂(x̂ , x̂ , ŝ)] = 0

integrate by parts

L̂(x)

µd
= − 4i

d(2− d)(4− d)

1

(4πµ2)2
tr

∫ ∞
0

dŝ (4πiµ2ŝ)2−
d
2

√
ĝ

∂3

∂(i ŝ)3

(
e−im

2 ŝ [Φ̂(x̂ , x̂ , ŝ)]
)
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Schwinger-DeWitt proper time method: dimensional
regularisation II

now we can plug in:

[Φ̂(x̂ , x̂ , ŝ)] = 1 + [â1]i ŝ + [â2](i ŝ)2 + . . .

expand around d = 4:

L̂(x̂) ≈ 1

32π2

(
1

d − 4
− 3

4

)
tr
((

m4 − 2m2[â1] + 2[â2]
)√

ĝ
)

+
i

64π2
tr

∫ ∞
0

dŝ ln(4πiµ2ŝ)
√

ĝ
∂3

∂(i ŝ)3

(
e−im

2 ŝ [Φ̂(x̂ , x̂ , ŝ)]
)

the last line does not contain singularities in d → 4. it depends explicitly
on the parameter µ and represent a nonlocal part. its variation with
respect to ω̂ gives the trace of renormalised e.m. tensor. the first line
contains the anomaly.
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Schwinger-DeWitt proper time method: the anomaly I

[â1] =

(
− 1

12
R̂ + m2

)
1

[â2] =

(
1

2
m4 − 1

12
m2R̂ +

1

288
R̂2 − 1

120
R̂;µ

µ

− 1

180
R̂µνR̂

µν +
1

180
R̂µνλρR̂

µνλρ +
1

48
R̂µνR̂µν

)
1

one puts m = 0
we are only interested in the odd parity part of the anomaly which can
only come from the term R̂µνR̂µν contained in [a2]
the 1

d−4 singularity is canceled by terms in the variation of the first line
the only relevant contribution is:

1

768π2
tr

∫
d4x

√
ĝ ω̂ R̂µνR̂µν
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Schwinger-DeWitt proper time method: the anomaly II

we write the variation of the second line in terms of renormalised energy
momentum tensor Θ̂µν

tr

∫
d4x

√
ĝ ω̂ Θ̂µ

µ

comparing and taking into account Θ̂µ
µ = Θµ

µ + γ5Θ5µ
µ

Θµ
µ(x) = − 1

768π2
tr
(
R̂µνR̂µν

) ∣∣∣
odd

= − 2i

768π2
εµνλρR

(1)
µναβR

(2)
λρ

αβ

Θ5µ
µ(x) = − 1

768π2
tr
(
γ5R̂µνR̂µν

) ∣∣∣
odd

= − i

768π2
εµνλρ

(
R

(1)
µναβR

(1)
λρ

αβ + R
(2)
µναβR

(2)
λρ

αβ
)
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Schwinger-DeWitt proper time method: the collapsing
limit

the collapsing limit hµν → hµν
2 , fµν → hµν

2

êam → δam
1− γ5

2
+ eam

1 + γ5
2

, êma → δma
1− γ5

2
+ ema

1 + γ5
2√

ĝ → 1− γ5
2

√
η +

1 + γ5
2

√
g

Γ(1)λ
µν →

1

2
Γλµν , Γ(2)λ

µν →
1

2
Γλµν

Ω(1)ab
µ → 1

2
ωab
µ , Ω(2)ab

µ → 1

2
ωab
µ

R
(1)
µνλ

ρ → 1

2
Rµνλ

ρ, R
(2)
µνλ

ρ → 1

2
Rµνλ

ρ

S =

∫
d4x

[
iψγµ

1− γ5
2

∂µψ +

∫
d4x
√
giψγaeµa

(
∂µ +

1

2
ωµ

)
1 + γ5

2
ψ

]

Θµ
µ(x) = − i

1536π2
εµνλρRµναβRλρ

αβ
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Conclusion

calculations of split anomalies proven to be difficult. need to deal
with Weyl fermions. functional integration measure definition for
Weyl fermions problematic.

disagreement in the literature (Bastianelli, Martelli 2016 find no
anomaly).

the approach presented here uses path integral measure for Dirac
fermions that is well defined, uses axial gravity to keep chiralities
separate. square of the Dirac operator used here preserves axially
extended diffeomorphisms.

results presented here support the existence of the anomaly.

existence of the anomaly forbids the fundamantal theories containing
Weyl fermions with inequal number of left and right chiralities.
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