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Introduction: metric-axial-tensor (MAT) gravity

usual coupling with gravity of the form:
hy, THY

(here guu = My + o)

we need different couplings for left and right matter:
hewy o Tw)™ + bRy TR)™
the prescription:

E,U«V = 8uv + Vs ful/

we call this MAT or axial gravity
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Introduction: Bardeen's method |

Dirac fermions coupled to two Lie algebra valued gauge potentials
(Bardeen 1969.)
vector V), and axial A,

S[V, Al = i/d“x@(&hL V +ys4) ¢

invariant under two sets of gauge transformations
X S T L Ta
two covariantly conserved currents j, = jiT° and js;, = j&, T where

J: - E’Y}L Tawv .j;u, = E’Yﬂr}s Ta/lz[}
one-loop, e.g. vector conserved

[DVu]® + [A*Jsu]* = 0
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Introduction: Bardeen's method Il

the axial becomes anomalous:
a ”w a 1 a 1 Uv CAp 1 A2y
[DyJs)? + [A*, .7 = o —seuaptt | T 4F Fy +EFA Fi
1 1
—ZFUU AN — ZAAVF)P
6 6
2 v 1 vV AA
——AFFNAP — - AR AY ANAP
3 3
taking the collapsing limit V — ¥, A — ¥ one infers that
1
v AaA vy/A
[DVﬂjL]a - o4n 25;1.1/)\ptr {Taal‘ (V orvP + EV 14 VP):|
where ji,, = ¥, 7,1, here 1, = 15224/, which is the consistent

non-Abelian gauge anomaly
an example of split anomaly: opposite sign for jr,,
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Introduction: trace anomaly

at one loop the trace of the e.m. tensor receives corrections
O,/ =aE+ cW? + eP
Weyl invariant (Weyl tensor squared):

1
W2 = Ruwpo RM77 = 2R, R™ 4 2 R?

Euler invariant (Gauss-Bonnet):
E = Ruvpo R*?” — 4R, R* + R
Pontryagin invariant:
P = s RARY 5,

in the sequel we use Bardeen's method in (axial) gravity, using collapsing
limit to extract results for Weyl fermion:

gr/u/ = Buv + ’\55/:/11/ Buv = Nuv + h//l/
h h
hu — ‘2“' fu — %
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Axial gravity: numbers

axial-complex numbers are defined by (similar to Hess, Greiner, 2009)
a=a;+ a2

a conjugation operator
3=a1— s

axial-analytic functions 7(X), where X = x; 4 Y52

property:
FR) = Pb(x)+ PoF(x)
o 12 2 Y5 (% ~
= 5 (Fo) +00)) + 5 (Foa) = F(x)
where x; = x1 +x and x_ =x3 — X
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Axial gravity: numbers

derivatives of functions f(%, X):

6 _1/98 0 o 19 0
oOxt 2 oxt! s oxy' )’ %" 2 oxy' s oxy'

for axial-analytic functions f(%X) one has axial Cauchy-Riemann conditions

of _
o = 0 and therefore

d_29
dx ~ Oxi 0%’

as a consequence it follows that

/ ds f(R) = / dx; F(X)

and we can define definite integrals
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Axial gravity: geometry

metric g, = &uw + V5fuw
the Christoffel symbols:

~ 1 0 0 0
A =\ ~ ~ ~
T = zg’)<a§u&”‘Fa;v&W"a§p&”)
_ rLlB)\ + s r/(flz)\

using the axial affine parameter ¥ = t; 4 st,, the action for a particle is:
~ v &
sm:/dq@jy)
A_ da
where 3 = 2.

the action takes values in axial complex numbers.
requiring 6S[x] = 0 one gets the eom

Sy AV A
X +Mxx =0
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Point splitting: geodetic interval and distance

the quantity
1. v

E = EgMVX X

is conserved as a function of . 5 — ' is the axial arc length along the
geodesic between X and X’

—s—/dt\ﬁ \F

the world function and denoted

properties:
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Point splitting: normal coordinates

normal coordinates can be defined based at x or at x’:

’

 ~ dxt e~ aroaydXH
PR R) = () and PR = (F - D

using geodesic equation at endpoints it follows that

~ o~

PLE P (RK) = -9 (RR)
also it folllows that

o dxY (R dxH(F
.yu ;V(X/ﬁx) Xd’ts ) = . "( )

in the coincidence limit X’ — X one gets

"]=0 [p*]=0

[)A’HI;V] = 65 [)A’HI;V’] = _65 [?H;V] = _65 [j,‘lt;y,] = (Sf/t

where [X] denotes the result of the coincidence limit on the quantity X
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Point splitting: normal coordinates

differentiating several times with respect to X” or X”" one finds further
relations for coincidence limits

7 xw] =0

(ﬁﬂp)\f + /I%#T/\p)

Wl

" xvprr] =
v 15 i
b/ ;)\p‘r] = § (R ApT +R p)n')

(ﬁHT)\p + ﬁMp)\'r)

W

b xer] =
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Point splitting: coincidence limits of &

covariantly differentiating properties of o
8;1/ = (/J'\;IW(’J'\;H 8;/L)\ - 7§,uu j/\y;A
it follows

[3;1,] =0 [a:uk] = EW\ [E;MA’] = _Eu)\

[a:PVA] = [3;/\Vp] = [a;u)\p] =0

~ 1 /5 = =
[J;V)\pT] = 75 (Ry‘r)\p + Rup)\T) = SV)\p‘r

AW

[a;u)\pa'r] - <5U)\JT;p + Su)\ap;r + Sl/)«rp;a)
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Point splitting: coincidence limits of &

[0 2] = [0,20r] = 0

~

[a:w/Ap] = [8;;u\pu’] = _[8;u/\pV] = —Su/\pu

and

~ ~ 1. 3 /- -
[U;uu’)\pa] = [U;p)\pau’] = ZS}L/\po';V - Z (S,u,)\l/p;a + Sp,)\m/;p)

similarly, one obtains

8

~ v D 4 5 Duv 4 5 DUV

(0,107 "] = _ER:MH + ERMVR; 15 e R
~ v ~ u v 2’\/, 1AAV 4 S Dur
[U;W pp”] = _[U:ul v pp] = gR:ul - 1—5RWR” - ERMVMRI P
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Point splitting: Van Vleck-Morette determinant

the Van Vleck-Morette determinant in MAT is defined by

1 /-~ ~
[AZ,\pa] = ﬁ (R)\p,a + Rpa AT Roa p)
1 1 1~ 1~ - 1. =
[Ailful/u = +gR;;LM + %Rz - %R}LDRHV + %R/“/)\F,RHVAP
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Point splitting: parallel displacement matrix

1(x, x")1p(x") is the spinor at x obtained by parallel displacement of (x’)
along the geodesic from x’ to x. I(x,x’) is a bispinor quantity satisfying

~

6/, =0, [=1

and 1 is the identity matrix in the spinor space.
further properties:

[/;(/w)] =0
N 1~ N N
[/;[uu]] = 7ZRHV where R/w = R/wabzab

1

~ ~ ~ —~ 1~ ~
(1,7 ,] = 6V”Rpl, (1" ,°] = gRMRﬂA
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Fermions in axial background: the action

fermion interacting with a metric and an axial tensor:

—~ R 1~ .

S = /d X (’w\/7'73 Y <au+ Q#) ¢> (x)

/d4 <n/)\/>7 (&Y + ysct) (Qt + = (Q(l) + 75 9(2 > 1/))

~ 7 =/~ o 1 Pang A =

/d4x (lw\/;(eg — v5E) [27 Ou+ 2 (fy Q,+ Qv )} >
S BTN ST oy |1 a0 i abc o~

=[x (v/aE - [5975, + e Rsers| 0) )

takes axial-real values B
notation: here 9, = % applies only to v or ¥
the action is invariant under axially extended diffeomorphisms
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Fermions in axial background: Ward identities

action Weyl invariant with axial Weyl transformation for the fermion field:
W — e 3@ty

action of the form O
the Ward identity

— 00 __
0= /w@wgw (w+ysm)p

one gets in this way two WI's

{‘T(X) = T/wguu + Télyfuu = 07
Ts(x) = T, + Tgu =0,
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Fermions in axial background: EM tensor

defined as:
Th _ 2 4S

V2 08

here the operator acts from the right and inside ¢ .. ..

Vi

TV = — 57V + (A < )
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Schwinger-DeWitt proper time method: fermion

propagator
one starts from the fermion propagator

G(x. %) = (0|Te(x)¥ (x')[0)

which satisfies

iVEWA'V,.G(X,X) = —1(%,X)

using the ansatz

G(x,x") = —iﬁu§u§(x,x’)fyofl

gives

= (= mw= 1=\=,_ . o
vari (V#g# V., — R> §(x,x") = —-15(%, %)

Maro Cvitan
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Schwinger-DeWitt proper time method: heat kernel |

we consider the amplitude:
K(x,%.,3) = (%,3[%,0) = (|e7°[%')
which satisfies the (heat kernel) differential equation

i %3%,0) = ~5:(3,3%,0)

Js

where §"X is the differential operator

S e e 1
5z =V,8"V, - ;R

then we make the ansatz

(%,3|%,0) = — lim

~

®(X,x’,5) is a function to be determined
m will eventually be set to zero
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Schwinger-DeWitt proper time method: heat kernel Il

equation for 6(?, X',5) is
¢ oo 1 cve [ /Aa 1 ~
22, SVHV,5 + ==V, (VD®) - (4R - m2> ®=0

% Vb

with boundary condition at s — 0

lim ®(x,%,35) = 1
$—0

expanding

equations for 3, become:
~ <~ =~ 1 ~ = \/7,\ 1’\ 2\ ~
(n+1)3ni1 + V'80129,8 = —= V"V, (VD3 ) + (R~ m?) 3, =0

with boundary condition [3p] = 1



Schwinger-DeWitt proper time method: heat kernel Il

N ~ ~ 1 ~ =~ ~ ~ .
n+1)a, +V*a,1V,0 — —VHV, \FDa,7 +{=-R—m")a,=0
/ f I;
D
one finds
[31] Lrim)1
U2
~ 1, 1 5 1 -, 1
= mt - —m?R+ —R2_ _—_ R M
[22] (2’” 2™t ogg™ T 10
_LR ﬁ#”_f_iﬁ )\ﬁ;w)\p_kiﬁ R\ 1
180 * 180 #° 48 M
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Schwinger-DeWitt proper time method: effective action |

to proceed we identify the effective action for Dirac fermions with

W= féTr (In §">

its axially extended Weyl variation is given by

SoW = é'Tr (35:9)

we have
A 1 o0 P 1 o PN
SoW =65 <—Tr/ dfe'”“) =—-Tr (/ Jge'?s(s@?) .
2 o IS 2 0

for our purposes, the effective action can be represented as

—=<€
1S
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1 X ds = ~
W = —fTr/ ® i3 4+ const = L + const
0



Schwinger-DeWitt proper time method: effective action Il

.i/i,,/« o ~
"% 1 const = L + const

W= -5t [ Ze
2 Jo Is

here L is the relevant effective action
I / 4% 1()

43 ~
ZK(x,%,39)

where
~ 1
L(X)=—=t —
(%) 2 r/o is

~
K o T
(x,%,5) = ]
(47is)>
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Schwinger-DeWitt proper time method: dimensional

regularisation |

to analytically continue in number of dimensions d we multiply L with a
appropriate power of mass parameter p to make it dimensionless

S - Stm [ a8 anins) o Be Bz R.3)

where tr denotes the trace over gamma matrices.
we assume that

lim e~ S[0(x,%,8)] =0

5—00
integrate by parts
L(x) 4j
—— = - ds (4 2=
14 d(2— d)(4— d) 47w / (amin?s) 1 Vg

(9(?;)3 (e*"m S[o(x, 2,2)])
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Schwinger-DeWitt proper time method: dimensional

regularisation |l

now we can plug in:
[0(x,%,9)] = 1+ [31]i5 + [3](7)* + . ..
expand around d = 4:
~ 1 1 3 4 9 me A ~
(%) ~ 25 <d4 - 4) tr ((m —2m*[31] + 2[32]) \/E)
LA / " 5 In(Ani9) /G -0 (e (. %.9)])
6472 a(is)3
the last line does not contain singularities in d — 4. it depends explicitly
on the parameter p and represent a nonlocal part. its variation with

respect to & gives the trace of renormalised e.m. tensor. the first line
contains the anomaly.
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Schwinger-DeWitt proper time method: the anomaly |

A 1, 1 1~ 1 -
= (Zm*— —mPR+ R —_R,"
[22] <2m 2" " 8™ T 120
R ’/R/II/ 1 k 1/)\>’Z%/W)\/) + ir]i “ﬁ/u/ 1
180 * 180 M 48" "

one puts m=20

we are only interested in the odd parity part of the anomaly which can
only come from the term RWRW contained in [ap]

the ﬂ singularity is canceled by terms in the variation of the first line
the only relevant contribution is:

768 76872 / d*x VEDR R
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Schwinger-DeWitt proper time method: the anomaly Il

we write the variation of the second line in terms of renormalised energy
momentum tensor ©,,

tr/ d*x\/8 & é“"

comparing and taking into account éu“ = O, + 1505,

2i

1 5 Suw v pl)  pas
Oul) = ‘W”(Rﬂ“) oia = 76872 RuvasFy,
Osu"(x) = 768 76872 " (757%””7%“) odd

e (R pas | p) pR)as

=~ (RO R + RO RE7)
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Schwinger-DeWitt proper time method: the collapsing

limit

. .. h
the collapsing limit h,, — 5=, 1,

N 1-— 1+ - 1 1+
e A (i
1+
+ ’st
2
ra 1 rep o 1
g 2 nvo g 2 nv
1 1
Qﬁl)ab_) 2wzb, QELZ)ab_> szb
(1) 1 )
RWA”—> R’ RILMP—> R

5= [ dx [ 200+ / d*x VBT el (6”+1wu> e

Ou"x) = 15367r2 " Ruvap R

Maro Cvitan Axial gravity and split anomalies




Conclusion

@ calculations of split anomalies proven to be difficult. need to deal
with Weyl fermions. functional integration measure definition for
Weyl fermions problematic.

@ disagreement in the literature (Bastianelli, Martelli 2016 find no
anomaly).

@ the approach presented here uses path integral measure for Dirac
fermions that is well defined, uses axial gravity to keep chiralities
separate. square of the Dirac operator used here preserves axially
extended diffeomorphisms.

@ results presented here support the existence of the anomaly.

@ existence of the anomaly forbids the fundamantal theories containing
Weyl fermions with inequal number of left and right chiralities.
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